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/ Preface * , , . 

In the suimner of^l966,. tUe principal of the San Ramon Elementary 'School 
in Mountain View, California, approached the Director of the School Mathematics 
Study Group for suggest iohs^T^ith regard 'to a pre*-school program in mathematics 
for culturally disadvantaged children* 'As the School ^5athematics Study 
Group had no previous experience vitK pre-schoorers^, it sbuld only <?£fer to 
acquaint the San Ramon staff with the special, kindergarten program thatHhe 
SMSG had designed for a comparable pQpulat^on. Arrangements were then made' to 
bave the teachers 'meH regularly with members of the SMSG staff, di'^scussing 
,kinds. of pr^-sVhool activities that might be appropriate fo3? the development 
of various mathematical concerts. .> 

.The njeetings were scheduled in two phases. The first phase cOnsisteO- of 
a series of structiired presentations .in the fall of 1^. For these, JWrs . 
J^anette ^ummerf i^ld of the School Mathematics .Study Group expanded on seXec- 
€ed topics from the. SMSG Studies in Mathematics, Volume 13, INSERVIGE COURSE^ . 
IN Mi^THEMATICS FOR t^RIMARY SCHOOL TEA'c'HERS, revised' ed.ition. The second pbas/i 
took place in the suring of 196? . The initiative was then assigned the , 4^ 
teachers of the pre-schoolers t(f propose various pre-school activities that 
mtgffb lend themselves '-^o a program^ of readiness for mathematics. 

Participating' teachers from the San Ramon J^-School^or these meetings 
vere: Miss Ruth K.^ Huston, ^s . Jeanne M. Llttle^oy, Mrs. Janet L. McClurg, 
and Mr. 'Patrick A. O^Donnell, the principal of San Ranion Elementary 'School . 
Mrs Jeanette'O. -Summerfield and Mr. William G. Chinn were the participants . 
from the School Mathematics Study Group. \ ^ ^ 

Wh&t foildw€..on these/ pages represents notes^tWt have be%n compiled from 
the meetings. Here, the sequence pf relevant' concepts presented 'are in the ^ 
same order as they are developed in the SI^G kindergarten program. While the 
writers /are not suggesting t:|^ there is only one suitable program in mathe- 
maiics for pre-schoolers, they feel that these units offer a reasonable se- 
quence. Some, of the unit^o'ccurring later in the sequence .are bccJasionally ^ 
predicated upon experiences and vocabulary developed^ in .the earlier units. 
Some slight editorial modid'cations haye been made from the notes of the ^ , ,^ 
meeting^ in order ta gain uniformity and cohesiveness in folTnat. Each unit ^ 
'consists of a section on Background Notes, Readiness, Activities, and ^ 
Vocabulary, In ^ach case, we tried to include some remarks that might clarify 
the partictdsfr concept that we have in mind. Thus, we felt free to discuss; 



the topics more intensively than they, are intended to be^^ developed for the 
children at this l^VU, ^THls defining feature, we hope'/ would heip to place 
the topics in proper perspective for an -und-er standing bf its 'role in elementary 
mathematics. .. '' ^ ' < 

The yriting group wishes to ej^ress ^its acpreci'ation to i^he .Director .of 



legle^ for organizing these 



th$ School Mathematics *Study'Group^ Dr. E. G. ___ 

conferences and' otherwise help fn planning, guidance, and making, tfl^f'acilities 
Of *Re SMSG -headquarters available for tfee meetings. • ' < ' 
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BAClbRCXJND NOOSES - * ^ ^ \ ; ' * > 

The concept offset is o^ie. that^occurs over and over ag^in in m&thematlcs. ^ 
This concept occurs, for examplevin dealing with ^ets of points^ sets of 
numbers, sets 'of ob3ects, and so on.^ The ^i^i^^eneral of these are, sets of . 
objects', especiaily if we interpret "objects" in thenrfoa;d-s^nse as ^^^W' . 
Notvorily are sets of objects the^most general, but with judicious choice^ of 
objects, such sets can be •als(5, the^'most concrete in ^erms df visualization. 

V A collection/ 6ach object in a ^eV is called a membe^ or element 

Qf the' s«t, Fo/'^^xample'.la- collection of t;hxldren;in the^cia^sTbom, or a 
collection of.. monkeys in the zoo, each constitutes a set of objects: Each 
cJiilS^r each monkey is an element of the respec4:i'Te-set-^ - 

*rt may be natural to think of a^ ^et as consisting of objects having some 
cUaracteristlc in common. In fact, 'it may appepr that this is the only way 
sets'could be fon^ied. For instance,' in tl^^e collection of, childiren i^ the 
classroom, a common charac^rifstic ( common property) is ^hat these otjecte or 
ihembers are all children. However, ^.having a comnjon 'property is not a pre-" 
'requisite^ to being members of a' set. It ie perfectly acceptable to think of i 
a- set' consisting of the^e elements: Bobby Jones, paper clip, r^dio^. ^That is 

'to say, a set^may .consist of obj^qts having no character iotic in. common nthpr 

than simply belonging to'the^same set.. • *• ' • ^ 

. caearly, sets 'mfer* have many members t)t few memebera. Fpi" a small number t 
members, we may pven thiiic ^of a feet consisting of just oae member. Even this 
may^^W regarded as a collection (•such as: "a t!ommittee of ohe"). Further- ^ 
,^re, we may conceive 6f*a set consisting of ng member. This Iftci^al set . 
wil5,.fbe discussed Ifeter under "t)ie fempty set" • ^ - ^ 

In examining a set, one of .ou:f -questions may be: "I^ there a ^haracter- 
^istic sha^red by every jhembe^ of the^ set?" As we have noted above, this ques- 
tion-may or may not be answered in. the affirmative. When ^e look at a variety 
•,of sets side-by-side, we^may als6 want to pose the same question: "Is' there a 
characteristic shared by eyei^ one of these sets?"- Again, the answer niay__VB.iy 
However, there may be some conJhon chaoacteristic that. may be inconspicuous at 
first baus^. With this^ im mind, sets will be selected for study ^uch as to 
bring out the jgroperty of having the s^e. number of objects. Thus, sets help 
' form a primit>Ye basis for the number corlcept and serve as pre-number ideas.. 



^ :Bhere ^re various vay^* in which a set may specified: '*If the set con- 
sists of the following members^ ' , 
• - \-# ' < 

California/ Oregon, -and Wasbingtc^, 
then we may specify the set. by listing all the members. A class rosfer is' 
^thus a means of spe<;i£ying a ^particular s^; reading list is a means 6f 
.specifying another Wt. t>ie later gra/es w^en special symbols are intro- 
duced.^we can^'lst jite eleB^entr. within braces [ } to denote the set'so 
•spe:cified. Tfius, if the reading list corTsists of the book titles, The Sto^ 
^ 2£ Eiaa. i^lR Maine, and Make Wajr fo3r ^ Ducklin^s , we can enclose these 
ti1;les within braces ' * ^ ' ^ . 

(The Story of Ping , A ^ in Maine , Make Way f or ^ Dix^klings ] 
' to denote "the set whose members dte Th£ Story of Ping , A in Maine , and 
Make 'Wa^ fo£ Ducklings ." The braces a;-e an abbreviation^'for the .vords ^»the 
set whose members are", l^ote that t«e iteftis in'the listings are separated 
commas/ ' ' 



• » There are occasionc when it is inconvenient .or impractical to ^uecify the 
set by listing all'-its members.' For example, the set of all states of the 
Uoited States requires a listing of 50- states; the s^t of ai:^ inhabitants * 

, in the United Spates may require a listing of more than- 200 million name?. ' 
If fhere is an exr licit common propert^y that may be used to characterize the 
menjb^ers ofjthe set, then such -a descripta^o may bfe adequate, ^hus, ' 

{the states of the United States} 

specifies the set being cons^idered. For convenience, we rhay use a letter 
symbol to label a particular set, and once so identified, refer to. this set 
by its laUel. Thus,*if we agree to label t'he set of states of the United 
Startjfes by -the letter A,^ then v/e can write - / ^ 

I ♦ * 

A = [the states of the United States]. ' 

Thereafter, the ^t of states of the United States maylDe referred to simply 
as -A^. Conventionally, oapital letters are used for this purpose. 

V/e have menliioned that a class roster is a means of specifying a particu- 
lar set. Kote-that s^child's name is not listed more than once in' specifying 
the ^et. Once he is" listed^ he is designated as a member c^C the set. By the 
same token, - [d. e, r} • is €he set pf ^11 letters in the word "deer" as'w^l 
as in the word "r^d" or in the word "erred"; 

■ O 



sic 



• At the pre-;cho\l level, the child's experiences with s.ts ,sho,Xd be _with 

At tjie pre sen ^ > _ uv' .for denoting sets are 

concrete obj^cts^\ce/the^ symbols ( and J , 
not.introduced.(^is\susgested that the teacher use the^ words, sel, a,d 
Whenever possiSe. • In pointing out se.3 - -.ec,s be^.re o 
- .lu^e examples of a set ^se .embers do;not share a con^on property, sucif as 

* . ' « •••• 

th^ following ' ^. r , , 

* ' V y A =' {.marble, Susan, table*} 

a| well as one whose members do sh^r^^.a ^ommon property, such 
J . B = {the musical instruments in the clas^oom). 



c 



4tlus level, no fox;^l learning procedure is advocated. Bather, " ^ 
atte.pt to creaTe an atmosphere in which incidental learning can occur A 
a-CLempT- .0^^ • i = nnt merely a matrter .of allowing 

program for incidenta-1 learning, to be sure, is not merely a. ma 

. ™p into view it is plahned exposure to the concepts-- ' 
cjert^in coYicepts to come into view, it is p . 

■ •Hon+«TlParninR and less 'structured .than formal , 
more structured than accidental learning anu x , . 
more sT^iu^ou _ ^, • j^. ^ j,f "planned exposure' 
learning. We list. below some suggestions for the J^inds ot p_ 

that we have in min^J relevant to the concept of a set. ' ^ 
o -in the Classroom, attention can be called to's^ts of^object^ having ^ . ' 
. simi^"r memters>- for. example,, sets of blocKs, sets of, l^int b.x^.hes, 
and so on. • ^ » " 

■ \ ' ..Wt of sets begins to take shape and wlien danger of confusib' 
o " Once the broncept oi ^exs Dej^xu:^ uv. , , 

' of dls=l.ll.r o-bject^.-for «,.ple, Iwch Ule se«^, first .Id . 
equipment, sandbox toys, etc. ^ ^ . ^ 

Went conscious a^d- intentional, use of the vocabula^. "^t" should be 
a part 'of the program of planned exposure.^ This can seem strange at • _ 
• first,' but becomes comfo:^able after some deliberate use ^ - _ 
S.ts 'of objects' located in various areas of the room can be- described; ' 
for example, equipment found in the art area, doU area, block-pl.y^area. 
etc • * * 

A ^riety of sets may.be constructed .with children ' in the c^^ss-as.em. 
hers, for eWe, as chil^en- work and play --^^^ • 
^nay ^e. identified as 'set.V "the 'set of boys at the slide , the of. 
girls by the sving% and other such groupings-.. , ^ ^ 
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VJr'''"!'" - ^^^-t-'ted by such classifLca- 

'Vl^l.ns or defining cha^acterf sitics as: "taUe .loo..",, "floorJ.locks" , • 

. o . Lunch provides „>a^ oppaXnities ^.r the.dis.ussion of sets- fpr eLple 
V h.e ence.to silvervare, nap.ins, plates, seating arr.^^e.Lts of^^ 
« the ctCildren. ^ ^ . * * -o ^* uj. 

.0 F«l,' groups. 1„ ^tortaiVVe Identified'., set,; .Con^ld'^, fl, eLpU 

; -^.ais=„.ed_^.„.- cMlS.e„ e„ t.e ' 

^ ■ '=;»;»l°'.»h.p;,te.tu,e;«„W»,;=„r.ea„e„, function, 

■ ■ ■• . P'"";-- .e'W, „«er of 

Sides, length. / /• ' . , 

' : wLa;t- """"" ^"^"^'^ '-r • 

■ IjWhere is Michael? Michael is i nfe^ber of our group.- 

.'Is everyone in our grou'p here'" " » ■ ' ' 

. / ' ' ' ' . 

VOCASJIARY . ' ~ , , . ■ 



element, of a set 
member o1#a set 
set- • 



i 
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) 2. EQUAij.SETS . » . , 

"MGKGBOUm) NOTES . - . • \. ' , * • . 

In -our discussion about se^s, wo have indicated that a set may be speci- 
fied' by ^Various means such as, y'y list ing all Ui 'e :member^^ by description 
throu^ some cimmori proportier. , Each of these, we. have noted, has its advan- 
tages and disadvantages. ■•' - ..' 

■• The use of the* fits t method depends heavily upon limitations 'of practi-' 
cality: Does the length of the listing! make it impractical to resorH to. this . 
way of specifying the set?' Or, are there inherent impossibilities, for the 
listing? To' illustrate the firs;t p9int, "Can we indeed within^ reason list^the^ 
names of 200,000,000' persons?" (jjo, .if we consider taking on the taslTas 
individuals; pogsibly yes, if we , consider 'the task as a national enterprise such 
as for census-staking^) To^il^islires'te the second point, "Can we nw" list, W 
•example, the names of" ffU children/ born in California next year?" , .J 
rOn the other Jiand, we have^^so ind ideated that ix is not always possible 
to specify a set- by describing' pk'operties shared by all the members. In fact, 
. sets may consist of •elements with ae^ other cortimon p3?operty than that- of belong- 
ing to the saiie set.) Even if theEg' were properties' that the elements have in: 
common, ^ in using Ihie t<f define the\s»^, an obvious but necessary word of 
caution. should be stated: as defining properties, 'not .only should ea'cl^mber 
of the set possess -all these properties; fukhermore, no element posse^g 
all these properties can fail to belong_ -to the set ?n "questtcSn. . ^ - 

FoE'this level/ tlie kinds of sets that we shall construct cSn usually b(**. 
described by lifting. For example, ve maj^ identify a set,. A j as follows: 

A-=. (Pat, Jean, RuthJ. 
At this* point, a wprd^about. the notation; "A = {Pat*, Jean, ,RutT.)" maybe in 
ordei-. When'we use^the s:^bol "-" «T a sentence "such -as this , we ^Ijall mean 
tfiat-the two expresjions are names for the sam4 thing." fn this case, "A" 
V and "(Pat,- Jean,' Ruth)?'' ape both 'different names for the same set. Inthe ^ 



case 



{Pat, Jean, Ruth) = {Tat, Jean, Ruth), 
the' expression at, the left, {Pat, Jean, Ruth), and t-he^.ekpression .at the 
right,' CPat, Jean,' Ruth),' are bath nanjes for the spme ss^j. _ 



^Now consider sel^s A and - B, '^specified as follows- 

A =: (Pat, Jean, Ruth} 

B =. (Jean, Ruth, P^. ^ ' 



, We see that both of these sets consist of exactly , the ^ sam^ members . Since a. 
^ set is^si)etifi^ by its membeijs, the ele^nts belon^ii^ to 'A, Wly* . 

> , Pat, Jean, and Ruth, ' • \ • 

equally Uell specify thNset identified by the letter B. This fapt may' be' 
described by_ saying thaf A and B are eaual sets, and we vrite: A = b/ ' 

ExamiHe the following specif-i'catiqns • ■' ' ' 

«. ' - * ' . 

. ^^he first five letters of the English' alphabet }; 

-? * ^' d, e}. ■ ' ' * 

^inc^. they contain exact^.t)^ same elements, we say that« they ^re equal sets, 
.^d He may express 'this by ata'ting . * • ' ' ; 

{the first five 'letters of the English alphabetl = -(a, b,' c, d, e}. ^ 
^ In general, ^ . • 

* , - IF A^ IS A SET AND B IS A SET, THEN " A = B'*' • • • • 

. . ' IF. BOTH SETS HAVE EJ?ACTLY THE SAME MEMBERS. 

Thu^ -Since (Spain, France, llngland} ■ has exactly the same members as 
' f '{France, Spain, JEsgland}, JvTe can write ^ ' • ^ 

■ ■ ... ■ ' ' " 

• (pPain, France,' England} ^ {France, Spain, EnglancfH- } 

' "4ote that -the order^ listing the elements^ of a ^et is immaterial In sj-eclfy. ' 
irtg the's*et.^ The eame set may be specif ied*by two different'list'iftgs of 'the 
same members/ . " ' % 

_ We want^to commuiiicate the concept that .a. Set ii defined "by the members;. . 
it does not.-mattei: how, widely spaced these members may be,. For example, 



^ • : . ^° ^ . " • ' •• 
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* is thersame set of objects 'as 



' However, although we wish to emphasize that set membership is independent 
\f spatial arxangements-we also recognize the intuitive aspects in visual* per^ 

• ceptio^i/ In'a>i^ual display, the Spatial arrangement of a set of objects^ may ^ 
suggest a natural grouping. Thus the "^arrangement - . , 

•jc-x.xxX xx-}«'xx ^xxxxx * 
^ xxxxx xxxxx^'.xxxxx 

« , . : - ' 

• might "suggest 3 groups of tea objects': - ^ \ ^ 

Later on, when we ^xamin^e the basis underlying our numeration system, -we 
/'do>.pltall2^on this .tendency to group on the basis of spatial arrangement. 
* For 'example, to, arriVe^ afa particular decimal nufi^eral, a set' of .objects ^y, 
'be spatially VoWed inW> sets of \lO»s> and l^s,, and so Sn. 

' /The fact that rearranging the members of a set does n®t change ^ the set. 
is nJl?an easy concept to teach, and a variety of 'experiences rAay need to\be „ 
proylded leading to this* notiori^.'^ Some ^children ai^e quite- convinced that each 
time there is a new arrangement of the same. members,^ a new set is.^ormed. By 
vay of illusty'ating thattwe st^ill hav^ the same set/^ few examples are sug- 
. ge'st^d', below . • s - ' ^ *^ - ' • 

o If^ Jinuny^ Susie, Johnny; Bob.by, and Louise' sit at Table 1 for milk and 

crackers, at i^ t>ie same set of children "at* the table- even if Bobby and " 
' Louise were to exchange seats. ' 
' ''o ^ Johnny Jone^» family consists of the same members even tho-uali Johnny ^ 
Jones-is in ^cKool, father is at w'ork, and mother and Sissy are staying 
home . .V ' • , ' . f ' ' ^ 



•O' 



Books ^may be arranged. differently on a shelf. If there is no change in 
memb^ship, then each arrangement gives us the same set^of books. 
As V.certain set of children are gathered at the slide g!tea, 'some may be\ 
going up. the steps bf the slide ;.^;some may be scoptinfe down theT slide,,, and 
.others w be waiting in line to go^up the steps If none of thVaJ^:*> , 
children leave this- play are^ and no new members joiA in, then wer have the 
same*^set" of children at the slide area * ^ 
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t), Questions such as "iThere is -Michael? Michael is k memter our group." 
and "Is everyone In our group here?'^ serve also to hint at* the concept 
■ that a new arrangement' of the same memters does not. change the consti- 
. , tuencyof a set. Michael still belongs to ihe group whether he happens 

toi)e off in the 'jungle gym or riding a tricycle. , ' 
• • ■ ...» 

Th6 concept of. equal sets is one that the students will ie faced with 

again and again. To sharpen the notion, we jaay want "to emphasize that if 
the^e.is a change 'in membership, a different set is formed. For example: 
o In, our iUustJration above of children at Table 1 for milk and^crackers , 

' ^SW^' ^''^^^ ^' ^""^^^^ ""^ "^"^ origirfllly 

a^^le 2, -then the children in Table 1 after the exchange ai-e-no longer. 

, exactly the same ones. as were there before. • ■: -t' 

•»•'..- • 

o • Janet/ PSt,^ and JeaneUe aye in tKe-<aoll area) Barbara joins in vith the 
group.. Then the' set ' " , . ' 

y {Janet, Pat, Jeanette) 

has been changed to a different set ^ 

[Janet, Pat, Jeanette, Barbara} 
because of this change in membership. ^ 
VOCABULARY ^ , 
equal sets 
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3'- SUBSET 
BA>GteRaTO) NOTES ^ 

We can illustrate the cbncept of a set "by constructing a variety of them. 
"For example, a*' set of.^oys in the class might be »* % 

• ^ B^{jim, <^o^ Bob, Dave). 

• / • « 

i « * • 

Another ,set of boys ijj the class might be » / , 

S = (Jim, Bob, Pave-*}. . • 

IjQ-bice that S can be- formed by selecting members from B. ilt is true" that we 

can' always look for such special relationships between sets: in 'forming sets, 

*the elemeats are usually drfewn from another set serving as a source, so to 

^ . " - *^ - 

speak. . , . ' , ^ " 

\« ' , ^ ' ~ ^ 

.^us^ when a set is formed consisting of - children in the. classroom, each 

of the members is drawn from thfe class;' in building^with blocks, each of the 
blocks going*into a construction is drawn from a pool of^blbcksj a stack of 
boons'^ drawn from the bookshelf .constitutes a set related to the set of books, 
on the shelf in this special wayt' Likewise, given the set 

A = {a, b, c, d/ e}, . . ^ 

• another set, .B, consisting of the elements ^ *a,. c, and from A maybe 
formed :*v^ ' .* 

-B = {a,c;d). ^ • ' 

^From the way that B is formed, we can s^e that each of its- elements is an 
elejaent of A. This* last statement serVes'as the criterion by wHich the con- 
cept of a subset may be ^defined. We say that ^ 

i IF A ANU B ARE, SETS^ -THKN B IS A SJLiBSBT OF A 
IF'eACH'EEEMENT OF B IS ALSO *AN ELEMENT OF A. , 

.(Jim, Bob, Dave} is a subset of (Jim, Tom, Bob, Dave}; each \ 
.'^ {Jim, Bob; Davej 



Thus^, 
member of 



is ^a^^member of - . * 

{Jim, Tom^ Bob, Dave}. 



On the other hand,' {Jim, Dave, Fra«iH} is not a' subset of {Jim, Tom, Bob, 
Dave} because Frank is not a member* of {Jim, Tpm, Bob; Dave). 



Consider. now, sets A> and B spefclfied as follows: 

A = {a; b; e) and B = {b. ^, c,. a', d). / 

We can verify that every element of B ' is^n element of .'A'^ {remember th^t the 
^ order of listing of the elements is immaterial}; therefore, B is a subset of ' 

•A. Observe now that both^A and B ' consist of the same members; so A =: B. - 
- This exam^ile 'illustratesUhat one of the subs;ets that can be fonhed from a 
liven set may be simply the given set. This occurs, for example, when Sll thJ 
bloclcs in a cpntainer has been used, in block-building. The set Of blocks in 
the building is precisely the same set. of blocks that was in the container. 

^ ^ TJ^^-fffct that one of the subsets that can be formed may he the given set 
may so t^ken for granted that the need .to^ make such a statement is not al 
^ all ap^rent. However, this fact will have some undertones us, as for 
* example., when we examine certain special cases for subtraction. ' 

. We have noted thjt if - ' ' ' 

' A =^{a, b, c, d, e} and B = [b, e, c^ a, d}; 

then B is a subset of A; it is equally true that A * is a subs^et of- B, *• 
^ This leads to the following statement: 

' ^ IF A • IS A 'subset OF B,'\AND IF B 

, / IS A SUBSET OF A, THEN A = ^ " \ 

* ' 

In. introducing the^w^^ "subset", careful enunciation is needed as there 
"ma't^be confusion^between the words "set" arid "subset" because these terms may ^f 
souixd ai3jke to the children.^ ^ ' ' ^ , 

Both the proper use of language and the deliberate stress on certain * " 
V critical terms are particularly importLt in view qf;.the listening habitg of o 

some children. Some may not be able to grasp all that' is said, Inf addition 
, to inarked effort in the proj^ar use of" language, cojistant and natural Vise ^of - 
new terms throughout the da:}^^s occasions arise has be e^, found to be helpful. 
OJhis^^is like working in "I^ ^^^^^ ma ^ tante"' at eveif Opportunity one gets, ' 
In-order to m^ke the idea of subset meaningful to the cKildren; it m^y be 
necessary for a while to use the^ expression "set within a set". The set must 
^ be identifie(^ l^irst in each instance before discussing subsets of that given 
- set. ^ In speaking of a subset , we must alw^y^ave a reference set. ' ' 
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• As we have pointed o'u^-, it is true that a 'set is a subset of itself. Hov- 
ever, this notion' is not simple and does'. not need to be given emphasis at this 
tlmei. .'For this level, we can use examples,^ ^stead, in which''the subset is a 
part of a larger set. * ■ " . .-■ . ^ , , 

When the idea of subset 'is introduced, the children- may tend to always 
select like ob^ecTs as member's of the subset/ _ Yi^i^will^ have to provide _ » 
numerous opportunities for them to manipulate set' matfe^ials and form various 
subsets so that they will unkerstaDid that a siJbset.ma'y be anjr set 'within a 
given set. 'When identifying subsets' of a set^ make -clear that sincd^a^ subset 
is a set, a subset likewise 'lAay, but needs not,^ consist of .like members. 
' 'In view of this, avoid having the childi^en' develop the misconception ,Wt. 
subset is a subset because the members belong together for reaso«s"based on 
size, "color/ use,- etc. ' You may find that it will Be effective .to do more 

"sftowing" than '" telling" .. \ 

^- ^ - - . - .- •• - 

~ It is true that each individual member of a^set is a subset of fhat set. 
However, in the early activities, with subsets, we suggest that, you generally 
consider subsets thkt have at least two memb|KS. In this wa>y , children are, 
-legs likely to confuse the idea of '.'member of a's^" with the idea' of -"subset 
of a set". *t? , . • ' ^ . 

^ < . ' f _ ; . 

ACTIVITIES ' _ - ^ * * ' 

There majr be many 'instances vhere;^ examples of ^subsets can be pointed^ out. 
Appropriate vocabulary should be used vhere applicable. Activities can be 
planned so that there will be many incidental ^opportunities for ^discussion of 
'this concept. Hejre are a fev. suggestions . ^. ' ^ ^ 

'o Daring p^y 'period, a subset of the class thai is on team A might be 
v-identif ied . ' ^' * 

o / A subset of the duckling§ dn the^poad might be an* appropriate subject 

,for conversation during reading. ^ 
.cr , Members of ,the class vhg are playing specified instruments (e.g., drums, 

v rhythm* sticks, piano, etc.) is a subset of the-class* * 
o ^Pieces pf a puzzle may be a subset of tlie puzzle* ^ . • 

^ toy or group^qf^toys^ight be a^ subset 'of a larger set.'of ^tt5ys . 
iThe rhy^thm. records form a subset of the c^ssroom set^of records, 
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M^'W^ ' Various subsets may \)e identified in sets of parqueti^ blocks < 



Mem\)ers of the class at the painting area form a subset of the class. 
The palpt brushes Vre members of a subset of the painting equipment. 
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subset 
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' ' , SEP with' one member md the empty ;sbt 
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Wheni^i say that a- set is welLrdef ined, • ve mean that it is clear what 
ob3ects are to be members of the%>t and whit otjects are not to be members • 

' < ' . • , "* I . "» 

of the set. ■Fof example, 

V = {the'vov^ls in the English' alphabet} 

isl well-defined-. Given a letter of the^EngUsh alphabet, ve know whethei^ it 
belongs to the set or pot.* Neglect'ing irregularities,^ the members of ^ V are 
|bhe letters: a,, e, i, o, and u. Thus 

I, e, i, o, u] - . 

ie/cribes or specifies the same set identified above by the letter V.'"'\/ith 
iikher description, the set is well-defined. 

The\description, 'Hhe set of all vowels in the wor.d 'cat^", just as 
.learly specifies^a set as the description, ''the set of all vowels in the 
Ihgltsh Alphabet'*. Using the cr/terion, V = {a, e, i, o, u1 we .find that - 
Ly one letter (namely the letier "a") (>f {c, a,' t) fits, the cJfescription, ^ 

Ihe set of alL -vowels in the word "cat". * ^ 

♦ 

Il\ other words, . ^ • * ^ ^ * , 

(the vowels -in the word "cat"} = {a]. 
This is B^n example of usi set with a single member. ^ 

It may conflict with our intuitive sense' to thinh of a set with a single 
^member since, in ordinary language, the w6rd "set" connotes more than one. object 
' in the colleetLon. _^Logicallyytowever, unless the concept^ of a^one-member set 
is copsiderfed appropriate, it/ would, make no ^ense to Come up with "a" as the 
set of air vowels in the wo/d "cYt"; for then, the letter "^a" would not 
answer t'he question, "Wh^t is the *set of. all vowels in the word '^cat'?" ^ _ 

, ' In thinking' abyut a^et with one member, there is $ st^rong inSlinatlon to 
think of the set anji'the member that "makes up this set as one and the same ^ 
thitig, £ftia ij; is /ijportant to distinguish between the two. By this we mean, 
\ for exam^!?, ti 

the set 'Whose only member is "a" 



should not be confused with 

* . the*'letter 



; A case -in -paint*' might' be given, *f or -example, in the Cataloguing of "books 
irr the school library: ^ Under the category of classics might be jUst the one 
book, Treasure Island. . . By itself, the book i^s not the 'same as. the set of 
classic. If another ^ook is added to .the collec^tion, the set of classicsNhas 
changed; the book, O^reasure Island , -has not changed.' 

An even moite bizarre ^et that we shall ^ow describe is the set that has no 
members.^ Using the same criterion as above ^or the set 'of all vowels in the 
English alphabet, we may ask, "What is ^the s^t of all vdwels in the word 'why^?" 
This set has no, members I As anotjier illustration, consider the set of all two- 
eyed Cyclops. This is also the sgt having no "member^: *the empty set. 

Both of the mathematical concepts --of" a -set with one member and of the set 
with no mfembers-are convenient^ ones . . Moreover, as^in the case. of a, iet with 
one member, -the existence of th^ empty set is a ^ vital question of logic. * 
Neither the queition, "What i^ the set of all vowels in>the word »cat'?" nor • 
^ "What is/the set of all vowels in the^ word »why'?"\can be answered -unless the" 
^ existen^'^. of a set with one^ member and the empty is. admitted . A plea may be 
laade^'tjjat' the questions themselves meed to be reworded. ' Instead of asking," 
;Wh^t/isnha set of 'Ai vowels in, the word 'cat*?", it may be more 'aj)propriate 
^/^ ^^f^^ the vowel in the word 'cat'T'l Equally, in^ead of "What is ' 

the Wt of all vowe:j| dn the word »vhy»?",' it may be more appropriate to ask, * ' 
• "^t; if^any, is the vaiwel in the word 'why»?" This may sound sensible, but 
. ;it/does require a priori knowledge of ithe answer. * Quite often, we do not know 
/ ^^^^^^^ how many solutions we. may have to^a problem. With* the understand- 
7 \§P^ ^^^^^^ ^ than ine, or no .members in a set, there would 

/' Ve no ne^d to rephrase the question each tim^ a special situatioi^is encoun- - * 

;tered. For example, the^ question^ '»What is the set "of boys enrolled in this 
] ' /^ho^^^" "light he equally ..applicable to the Yale, Columbia, or^Vassaj- popula^ 
tion--or to one in which ^ust o.ne boy happens to be enrolled. 



/ ' The empty set is the ^t with no members". THxis, the set of all boys 

enrolled in Vassar is an example of the empty set. - .The set of ".all months 
having^nine Sundays (Gregorian calendar) is another example of the empty pet 
A notation, for the em^ty set i}^ { ]. The empty space between- the braces'' 
indicates that there are no me'mbei^ ,in the set. * 
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■ '.Recall that B ^isT saW to_b4 a subset of, A eash member of .B..Js . _ 
■aleo\ meaSaer of L Another way to ; say this is: ' . - f~: ; , 

• 'is 'a subset op a . if-thebe' is no member 
* *' b which is not also a me*iber,op a. 

Both statements say exactly the same thing. As^a consequence of the^"^^^nd 

statement, the empty set is a subset of " . ' ' Ttt ' 

_ * . • • ^_ I ^ . 

A = {Bob, Jim, Dave). 

To see this , consider the* two sets " *■ . - , - 

E = 4 } and A = {Bob, Jira^ Dave). * * ♦ • , 

cat it be stated that there is no member of E tha^ is not also a nierab-Ci^3>r ' 
A? Since this is true, then it can be argued that the empty set is-a subset 
of a/ By the same token, wa can say that .■ . 

* " THE mm SET IS A SUBSET OF MERY SET. ' " _ . 

fiEADIMESS ^ , - 

•As indicated above, the^set with one liember and the empty set may notseem 
to" hi. easy conce'pts to present. Many'teach^rs, /however, report tba-t-eMldren_ 
' have been able to'grasp these concepts- quite easily. Since these «e?;s w>ll 
ultimately be associated with the number 1 and. 0,_ they'need to -bV -Included 
in our experiences with s^tte*. • ■ - " 

Familiar examples of one member sets may be ■ ^ * ^ 

the set of clocks on the vail, ^ ' * j ^ 

the/set of teachers in the class, or ♦ ^ / « 

^ the set of American flags in^the room-. ^ ^ * ^, 

As for sets with no members, ref efface may be made. [to su?h sefte as, ^ 
- • • the set of live elephants seated, at the , teacher '.s desk. 

Also, you may refer to suqji s^s as .... ^ . . 

||f^<.%^'" ' ^ r * the set of crayons in a crayon container 

k|g||^:-vhen tjfere'are no. crayons inythe box.* 

Jllf • ^The concept of the empty set f eing a subset^ of every set ^.s. a. xeadiness^ 

^ -ta^k for the operation of subtraction.' In. doing the problem, 2 - 0 - 2,. the 
...^ / 'cKiia imagines the operation as one of' rempving a subset; with no.members from- 
a set with* two members. .-^f^ — ■ • - f 

ir 



g.^ > ^^-^i^^-^ pr^parea for W concept 6f a set witfi a s'ingle member ^ ' 

| :; Jor^l W In ^elkinderg^en, , . 

i^^J'flil:":^^^^^ ^"^"^ °f °^ activities in mathematics. , Games can " - 

" ■"^ 3 Revised along the linear-of ."I am thinking of ." that would -hint "at specify-% ' 
iiag a get with one. member by supplying enough clues . For. example/, ' 

"I am thinking of a little glM in this classroom who has dark hair 
•.(SileVice?) -f.- ' 7^ -^^ 

VThis^ little, girl has a bow in her Kair." (More kiienc^^ ' 

"This little girl is wearing a ^red dress 'today." /Stili ijioL silence?) * 

"This little gir^^is sitting^^Jie back raw and is the taUes.t little . \ 
girl in this class." (Ruthie''!) . . ' ^ . 



^ ^ ^ "I am thinking of something that i*s in this room. It is made of cloth 

^ ' and is fastened to a stick. The cloth has a pattern on' it of some red , % 

and white stripes, and of ^ome white starsHnside a blue pajbch..." 
^o Readiness for the empty set may be provided first by the concept of ' *^ 

emEtjr. Children shoild havelnany Qojjicrete examples with the preconcept - " / 
t-t^c • empti*ness. For ..example, > . ^ . , * 

. '- 'J ^ ' ' ' " ^ ' * *" 

' ' ' ^ ^^P^y hands; . empty plate/ ^ ^ ' ^ ^ : ^ 

-empty juice pitcher; empty animal cage;- - - - • 

, ^ empty puzzle ^ack; empty nail box...- • * ' ^ 

^ o For eaph^mpl^r container, we can discuss what could be there. For example ' 

animal' cage: l^mst^r, guinea pig, .turtle, rabbit, etcCr ' / ^ 

pitcher: ' milk, juice, Kool Aid,, etc.; • 

t * _ -puzzle Tack; puzzles". u • " * '^^ 0 

- ' . . . . . ' - <^ 

,0* We can also discuss wl^t was th^re: ^ ' 



pitcher: jiiice; ' - ; * 

plate: meat, vegetables, etc. ■ ^- 

> We can remark, "Your^ plate is empty. You have 4aten,all'of your mftt, 
potatoes, and applesauce!" 
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In addition to planning, experiences vhere the' concept of can . 

isolated for the children, the' teacher can make use of th'e many incidental 
opportunities in the daily program to point out empty sets. Use the. 
yoMan/kesstL or-erngt/ set wherever possible; Do not use vocabulary 
where use\ would be artificial or^forced. Thus, there will be fever 
'opportunities in the da:^ly program to use the ^tords, empty set, than to 
use t^>.ori, empty'. Many concrete experiences with situations are.more 
, important at this 'level. 



VOCABUIABY 



empty 
empty set 
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i-. ^' < • 5. ONE-TO-ONE CORRESPONDENCE \ 

"... » ^ ■ • . \ ' - ■ 

: ' One of the waVs thai we^have used to specify a set.i; to descr^^t by 
the property or propert£ts <ty^t the elements have in common. For example ' 

■ the set , • - , • ' 

{vowels in the English alphabet) - " 

4s specif lea by the properties %t every >lement of the set shares; 'namely, 
that of being an English letter apd^'that X-f being a vowel. This conmonness' 
between elements within %e set soijfcs out elements \hat belong to th6 set ' 
from'eleiiie^its that do not bel(^Qg^ 

-. /Oftentimes, common properties between different sets may be identified, . 
and thus tKe method of classiiyiL things can be ^^{f^nded to help distinguislf 
one kind of set from another; tU is, classification of things may be extended 
, to classif icatidn of sets of thingW. For example, if 

» • : . ^ = {lion,\tiger, leopard) » ' * ' 

^- B =■ {elephan^i, deer, cow", horte), . ' ' 

,theu it is not tnje that. A = B. In fL, the* is no element that, t^e tuo ' - 

■ sets have -in common. However, one wouiA agree that there^ is more i^common 
between A' and'-B than there is betweeV either of these' pets and ■ - ' 

C = {gold, ^ wood, '\water, fire', earfth). " 
%e commonness that, we recognize between A and ' B is ^tlLt both of Shese. are 
sets of animals;, _mc5reover,^pf land animals. While^w^ may/ choose to distinguish 
A from B by the characteristics that| is a sit. of Carnivorous animals and 
B is a set of herbivorous animals, the poi^t is made here ;thai> sets may^none- 
'<l -r-theless be compared with one another by vari'qus means. . . ' 

One way of c^m^a ring- two sets is by an element -by-elem^t pairing. 
t *f Looking at the following sets, ^ , " , 

[ ' * ' ' ' . . X - (beat-, cat, cow, dog) 

and • ' , • ^ ' ^ ' 

: / 



veVn note', as%efor4, that X and Y have a common^ characteristic: hoth 
of these are- Bets of aniin^ls. More so, X * and W seem to be intimately " 
related: vX consists of certain animals, and ^, the young animal corres- 
ponding to eacK of- those in X . 
. • * X X = {hear, cat, cow, dog) 




•Y<H Icalf; 6ub] kitten, pup). 
As illustrated in the ahoye diagramr^we can indicate a pairing hy drawing a ^ 
double -headed arrow between the cpr^esponding mlmbe^^s. Thus^, the above shows 
that 

^ ' bear is paired with cub; ' * 

^ cat^ ' is paired with Tcitten; _ .■ " 

, cow is paired ^with, calf; ^ 

' dog <r is pftired with pup. . ' • 

In this example, pur pairing was motivated an -apparently^ natural 
tendency to pair certain elBtoents teltineing to th^-seiJs. As -we sHi^ ^see _ 
shortly, we may want- to' relax this constraint, in looking for an element-hy- 
element pairing. For example, ',we :shall consider tW following to he equalOy 
admissihle as 9n'eleme»it-hy-element^airing bejtween^^and Y: i 

•1 '• ■ ^ ' X =' {hear, cat-" cow, dog) 

- _ Y = {calf, cuh, kitten, pup]. ^ ' 

FoTour purpose, the concern will not , he so m\*cU that ''cat" is pairedryith 
"cub" nor that "-cat" .is paired with "kitten" . Our maVn interest here- is jthat 
exacily one member of X is paired with exactly" one member of Y. 

In the following example, 4. ' • . 

Z = {bear, cat, cc^f, dog, seal) \^ . m 




Y = {calf, cub', kitten, pup), " . ^ 

there is an element-by -element 'pairing, but it is not true that exssim one 
member or Z is pafre^ with exactly one member of Y /both "dog" and "seal" 
are paired with "pup" ) • 



Another example of a comparison pairing is the following! 
A ^Iflowe-r, truck,.llary) 




/ -J Stfi ^ B =. {bat, bird, b'all, block). 

Not%^that in thi^ .example, an element of B . is left", &nd there is no element 
.of .A- which is paired with U. , Hence, .we see that when we pair the elements 
-•Of two given sets; i,t is possible to havej every element in one set paired ahd 
%o have elements lef t "unpaired in the other set.' 

If there, are no elements, lefti unpaired, then we say that the two sets 
match. Another way of saying this is that we hav^ a .one-to-one correspondence 
between the el^ihents of the two' sets . It can be seen that^ whether we cah get 
a one-to-one correspondence between the elements of two sets does not depend 
on which element pf B is paired with which element of A- 

= . Another Way^.of saying that a set. A, matcijes a set, B, .is to say that 

•1^" \' ' A IS equivalent" to b . 

There are thx^e Important properties of Ihe equivalence rllation. On the 
surface, the first two statements may s^em- r^her trivial. However; they will 
have some x^epe reus s ions l^ter in deallrig with humhers. ' ' - • ' 

(i) Ve can see^'that by our pairing process, ;Ll^must fe^'trae in^eneral, ^ 

that ' ' ' > ^ 

** ' . " 

^\ \ A EQUIVArJENT TO 

THEN B IS EQUIVAjUENT TO A. ' ' . 

. (ii) flecalling' that by A-i we mean that both A ^and , B represent 
the same thing (they are 'names for the .same thing), -it is clear ' 
- that a set is equivalent to itself; that is, / - ' 

' ; A ^IS EQUIVALENT TO* A . 
(iii) Finally", w& cm observe that - » - * 

'IF A IS EQUIVALENT Tp B, AM) IF B ' IS - 
EQUIVAOTT TO^ C, TH^N -A IS EQUIVALENT TO C. ^ 

This^ third property may be descritDed by stating ^ihat the equivalence rela- 



tion is transitive . To lllustrate^'we see ^hat• if 
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^ ^ * A = {sun, moon, star}, , 

B = {dam, block, .rock}, 
C {Jeriy^ Sue, ^^ony}, 

and we .have the' following one-to-one correspondences: 

^. A = {sun, moon,i^tar} ' , 



B'= {dam, block, rock} 




B = (dam, block, rock} 




C = {Jer]ry, Sue,' Tony}, 



then, since 

dam ^ Sue, 
- block---* Jerry, 
rock — ^ Tony , 

w 

It is possible to" get a one.-to-one correspondence betveen./A^,;and; C, thusj 



sun ^ 

moon " 
star 



sun-» 

moon- 
star • 



Suej 

- Jerry;. 
i-'Tony; 



A = {-sun, moon, star} 




C ■= {Jerrir, Sue,, Tony}. _ ' J' . 

Therefore, we can concludVthat A "is equivalent ta ' from the fact .that 
A matches B and B matches C. ^ . "... * 

READINESS ^ 

Pairing- two .sets i§ an operation which lead to comparing two sets and, 
later, to' c6mparing two numbers. It is also b.sic to the concept of counting. 

"* NoticeNiiat ^ is used as an active veri, and not as ^ noun as lo the ^ 
expression "a pair'of shoes" etc . In f^ot; phrases like "a pair of . mittens" , 
o'r whatever, should te avoided when developing the idea of pairing members of 
sets. A mor4 approi«riate idea to use might l^e that of "partners;:, if this 
•a familiar one 'lo children This is suitable, hoy^er; only if partne;:3->are 
fomed by associating a member of one set with^a member of.-ar^ set. . 
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At the pre-school level, the teacher can pair sets concretely, such'as. 
> ■ pairing 'thp set of boys with the set' of girls. On^ can also' place two sets ' 
on the flannel -board and sftow the pairings- with pieces" of yarn. In any case, 
it is. important to identify clearly the two sets wh^ch.are to be pair^ 

We want to stress the fact that the order o;^. pairing makes no difference 
. Thi§-Yact is basic t'o the counting operation. -In' counting'inembers of a set, 
it makes no difference _ in which order .the' membe'i-s a^e counted-the end result 
•is the same. ' . ' ." • , 



At first, it is easier for children to follow or perform the pairing 
■operation if ^the members of the two sets Ming paired are in some way 'related. 
. For instance, pair a Set of aprons witia a set of forks, or a set of boys with 

* a set of ice-cream cones. However, eventually sets whose elements are not re- 

• la ted should be introduced.. For example, pair the set consisting of - " 

' ^ . ° ball, an ice-cream cone, and a book 

to the set consisting of 

a Gar, a doll, am a bird. . ' ^ 

, When two sets match; .then express- this fact by saying that.one set^has 
MN ^any members as the other set. . 

^ In due <?ourse of time, you will find it cfovenient to bring into donver- 
'.sation several terms that ^pply wh^n one 'set has as many members as another 
^ set: mtch,^ matchins , equivalent^ If one set has exactly as many members as 
• another we may say that: 

. th? two sets MATCH ; or that 

they are MATCHING sets; or that 
the. two sets, are EQUIVALENT ; or thal;^ 
^' • they are EQUIVALENT sets. ' . 

Your introduction ahd use of such Jerms should not te forced or hurried. Major 
concern is with tjie concept that- is first expressed by the words as many mem- 
b^rs as. The- vocabulary of match , matchinp; . and' equivalent should be used only 
to the extent that these words facilitate the development of that^ftoneept." It 
•Ms important that children understand j^HE use -of the te'rtns; butTt is not:"^ 
particvlarly Important or necessary |^t children use the .terms rekdily in ' 
^their own conversation although it ha^ bgen reported that Children can and da - 
use these terms vith understanding. It is sufficient if children "miderstand ' 
a question such as, "Do the sets ma^ch?" or "Are the sets equivalent?" It 'is 
not essential that children themselves bfe able to say, for instance, "The set 
of books is equivalent to the' set of d^she^-.^f . * . - . 
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. '__J!heV'^ are many opportunities for o|te-to-o^e corresponde'nces in the^^- 

school program, and children should have such experiences in pairing. The 
-•palCine process should be consciously directed' and deliberate. - The^use of the 
•vocabulary should also be deliberate. Proceed with the activity sl5wly^and 
.quietly, end with sufficient delay so that attention is focused on. the pairing 
process, being very careful to identify each set that is Involved. 

The identification of the two §ets might first be accomplished^ by ringing 
'eacii sel; with a piece of yarn (if the sets are on the flanneAoard or are ob- 
ject^' on a table);" by setting objects of . one set on one table and 'the other on 
another table; ©r, -in the oase of children,-with^ a_ pie.ce of yam on the floor, 
..etc., or by wide separation between one set knd the other. However, ringing 
■ by yarn,, etc., can be overd.one to the extent, that children might not regard 
object,s as belonging to" a 'particular set because they "have no rings around 

slow, are listed some sets in which an attempt at pairing might be ^on- 
stde'2?ed to he "naiural": 

.-o ' Mealtime:- ^ * • ' ' ^ ' ^ 

crackers to milk 
silver to dishe3 

'o ' Clothing: ^ • * 

coats "to children \ • , / * 

shoe.to shoe in dress-up area • ' ^ 

* " - ^ 

0 Cla^room' activities: / - 

pa^t brushes to paint containers ^ " ^ - 
scissors to children^ • * ^ li'r 

o School -home activities:^ * 

children to noies to be sent home ' " 

children to paintings to be sent home ' , 

The .phrase :'as many': fes^ should be enunciated clearly and deliberately as ^ 
feom-e children may aiten^^/pn^Ly part of the phrases. For example, if a^child 
vere asked to construct X^etJ with "as ma'ny members ^s" a given set, he may ^ 
simply constiAict one with m^ny members > % , ■ 
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6,. MORE THAN AND FEWER THAN 



BACKGROUND NOffiES 



\ 



s We have seen how sets, may be compared using element-by-element pairing. 
When there is' a '^e-to-one correspondence .between all the elements of one ^ 
.Wthe-^l«mehts of another, we s.ay that ^he sets are ■equivalent and that |ie 
- set has 'as many members as the other. Often, we do »ot have" equiyalencQ be- 
tween sets. For instance, in pairing the elements of A with those of B 
:< shown "below),. there is "a member of B which is^not paired with any element 
. __^-"'A:^.^3?hi-snm:i^l)e so regardless of how the elements are paired, Ih'this , 

' ease-, we s&i that B has more members than A. ■• . 

/• A= {cat, ~4og, .mouse) 



. y B =,iMary, John, Bill, Peggy}. 

We }L also fia|^iihat A' has fewer m4iber^ than B. Thus we can compare sets ^ 
■,a■ccordi^)g to'lhrej^'possible outcomes: 

. ^^'/ A matches ' B; ^ 

' ^^^i "a has more paembers -than £3 
A has fever members _ than B. 

Furthermore^ all this can be accomplished without couQl^ing. , Suppose C 
is the set 'of /all children in the school and S is the set pf seats in the 
school Iu4i#%umi.% pairing, v,e can -.determine vi^^hout counting whether one 
^'Urhas'^SifilmbJt^than the other/ one set has fever members than the other, 
or the se'^s 

Belov, ve^consider three sets, A, B, C, vhere 

; - A = {1, 2, 3, ^,.5} 

. B = {c; d, e, f } 



and \ 

> C = . {oyster, Valrus, carpenter]. 

* * > • ' • * , 1.- » 

Bote that A has more, members tilari *B ;.and Jthaf -B has more-taembers than 
C. Moreover, it.,can be, seen that "A ''has more members than' C. This illus- 
trates an important property called the transitive propert y. Recall that ve 
have. observed such a property holding ai^o'with eVivalence. In the statement 
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^^or the transitive propertya^overty replae^^ members . 

than" each time it occurs with the- phrase^" i^^equivalent ±o% we'have thistdfe' 
1^^^ nient'Jor the transitive property far- equivalence. This v^^^^i l^rtant ' 
^p^y""^"^^ proviae^ as with-soniB-m^n-s of working" vith nuinFe^Tmer-. ^The ^ 

transitive property given abd^ Jor^^^e itj^k^ general term^ 

M:i^^^ts follows: ' ---^ .v ^ 



^^>'":. ' ^ . IP A HAS MORE MEMBEES THAN* B, . 

l-J^^'. ' . *. IF B HAS J40RE MEMBERS' THAN C, 

li^j • ^ THEN A HAS MORE MEMBERS THAN C. 

The transitive property is derived without recourse to costing / The'^ • 

-conclusion sanctioned by this property gives us the comparison of . A and G 

"'^^^ ^ ^> *«^^ing' as intermediary, (in a sense, it tells -us how A com- 

|; \ l^ares with C \ising B » as a "yardstick" •) Clearly, a transitive property is 

has fewer- memberar than, b; *and B has fewer 
0r;r^embers' th^^ C. TKat is, \ ^ * ^ . - ^ ^ > 

■ . i • IP A HAS PEWER MEMBERS THAN F, - 

ll^v-;/^ . AND IP B HA^ PEWER MEMBERS THAN -C; 

" , - - , ' THEN A HAS PEWER MESteERS THAN C. 



0.- ■ Bpth of the relations, "more than" and "fever th^n" are order relations., 
gJJ--^ meahs of "efthe-r of these,. ve can order sets which have different iiumbers of 
Jv - ^^^^^ according to their "sizes". Thus if 

fc'. • ^ = ,-0 , A,,^ ), • ■ \ 

i^-. , • ^ = ^' V, W3, • . • - . ' 

''K^t V • ' C = {cow, tree, blimp), 

' ^ fwalrus, carpenter, oyster, Alice, cabbage, king), • 

11^-; then, in order of int>reasing number of elements, the sets may* be liitedr 

" ' ' ' . . ' . 

are ordered, thus : -p, B, A, .Ultimately, . \ . 
relation for sets, we derive order gelations for numbers. 

m ■ - , - f ' . ^ 

liit;;: KEADINESS > ' ' 

. ■ For some- chadren,^the idea of ' ^wer members than", seems more difficult 



.^^b pasp than the idea of "more members than". However, children's under- 

of "more than"^ can be used 'to good advantage in developing- an under- 
§£5''°^^'^,°^ °^ "^2^ • Therefore, much time should be 

g^j-fpent-on'th? "more than" abncept before introducing the idea of "fewer than-" . 



f V^^' ■'S«pp)>se:;| for instance,; -^hat in cojkparS^g the set of boar's with t^e set 6f ' 
,girls, Wfind that there are more members in the set • of bojrs than in the set 
'pf g-irls!, Simply mention that we may say this another, way ;• namely, "the set 
of girls has fewer members than •the set of boys". ; 

It is iinpo^tant to stress the fact that the "more than" or "fewer than" 
relations ^depend -upon the result of pairing. For instance, after pairing the < 
two sets, say the following: - • 

! "The set of children has more' members than the set of easels _ <^ 

't 'because there are cWdren 2.ef* who are not paired with a-n 

; ■ ;• , V • 

easel.'" 
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' • "The conc'ept of "more than" for sets is basic to the concept of "greater . 

•than" for- numbers . Similarly, the "fe^er thani; relatidh for sets^is associated 
.. 'with the' "less than" relation for tiumbers • " _ ' • 

i^ ACTlVCTIES ;V ' r •' ^ . , . " . 

Children should be giwmany opportunities for^_comparison, an^ such voca- 
"bulary should be used enough so that-' It becomes part of the speech pattern, ; 
'.For some children, thfere may be a pr9lonsed delay before the concept of "fewer 
than" becomes understandable and meaningful. When it does, no one- can be 
absolutely sure just what helped to put across the idea.^ The concepi, of "more^ 
-than" is more easily taught and one can try to approach th'e "fewer than;' <:on- 
cept by -repeated contrast with " more^'than"' , This repeated contrast 
' does not always appear to be successful, and many avenues nee4 to b^^-e«'^ 

In activities introducing the "more than" ."fewer than" concepts, it is ' . 
suggested that examples in ^Jhich the comparison i^* by volume„weight, space 
Cextent)^, size, and time be avoidp^ Try to limit examples to those .having 
to do with quantity; that is; the "How many" type. Aside from greater diffi- 
culty in grasping volume, etc., voWrid, areal, and pther kinds of siees 
confuse the meaning of ."Whic^ set his'fiO):e melnbers?' ^ Thus, '^jhile 

"Tom has mor^ milk^'tn* hi»s glass than Pat."' ' * 

* * ' .'L 

is ™aningful statement the pu:^)C^of set comparison,^ it introduces 

confusion to the "more thaja" concept that we are^l^ing to teach. Similarly, 

'mashed potatoes, being measured bj bulk rather than by discrete pieces, would" 

not make a good 'example ^this unit. 'Some suggestions that may be appro. 

priate are listed'on the yollowing page. 
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: compare niuaber of cookies 



6 ' Playtime: v 



compare number of "blqcks 
' Glass-Sime: / , ^ 



compare chairs with children ("Tfiere are more chairs than children...") 



)f ewer th^^n 
< greater than 
:less thaij/*^ - 
^more than 
order 

transitive property 



) ^ 
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, 7 ^ ORDERING OF SETS 



— In Unit 5, we w$re^ concerned with.one-^o-one correspondences whicrh,led to 
the concept of equivalent s^s . Trom/the ^onsi<leratiori of " sets that are equiva- 
lent, it is natural to consider sets/that are not equivalent. Hence, in Unit 
6, the conpepts of "more than" andVfewer than" were discussed. There, we 
mentionedHhat by the (transitive p/operty, we are able 4^o order sets thal^ do 

/ . -x ' ' \ 

notmatqh. ^ ■ ^ ' 

, ' -*<^ 

• Conventionally., we think of increasing order as we proc.eed from left to ^ ^ 
right. This i'fe merely a convenience in specifying a direction to agr^K^^^ ' 
the usual custom in ordering numbers on the number line. Thus, if two sets do 
!not match, the set with more members is located to the right of one with ffewer 
members.. We can also'order vertically so, that the set wUh nrb^'e members is 
above the one with fewer members, and *t his would ..ag'r^e with a vertical number 
line a-rrangemetit suc'h as exemplified by the thermometer, where numbers increase 
\upwards . - ^ ' ' ♦ 

Suppose we were to order the f ollowing/threey^ets 

A = {c$t, dog,"""^ 
B =^{Mary) 

^ ^ . C = {ball, cabbage}. - 

stfeirt by comparing two sets a time. Since A has more members- than B, 
ve'plfice- A to the right of B: * 

4 B, 'A. ' , . • ' 

< ^ ' : 

Now ve must determine where^C is to go^ Ther& are three ^gbssible locations 
* for C: ' I * " - 



' (i) to the left B, " in which^ ease^ the^ oW^Hs ^ CT'^t "Aj 
(ii) between B ^and A, in which case, the^{>r*r is B, C/k; 
' (iii) to the right of A, in which case', the order is B, A, C. 

■ . To detenninfe whi<;H^ of these is the correct oMer, 'we pompare C " with B 
and A, two sets at a time. Comparing C with B, we see that^ -C has, more 
members <than B, so C cannot go to the left of B: 



B 
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>u^^iiy^-y ^ • \ ' 0 * ^ . • 

Since'the order is. not as i« (i), if ?nust then be as ii^ither (ii^ o^r 
' Clii).- . Now, comparing C with A, we see that A musV'be to theVight of 
slhde A ' has more members; in other words, C is to the left of. A: 

\ 

^^raus,' tiie order is: B, C, A. ^ , ^ 

Per these same set'lT, the transitive property could have been used to ord^r 
^ tfeemi ?br instance, / ^ 



therefore 

V 



' ^ * ^ / ,^ ♦A more members than C; 

C 'has m6re members than B; 
' ^ A has^ more members than B; 

hence the order is established as ' ' v 

B, C, A. . . 

' ' i 

Equally V^l,'the transitive property could have been used in cpnjunction 
- with the *'^ewer 1:han" relation ^to specify that: ^ ^ * 

1 ' * B is to the left ot- C; 

* , ' ^ ^ C is ti the left of A; therefore, 

^ B i^ to the left of A: ' 

and ultimajbely, arrive at the same order as befc|*e; namely, B, C, A. We 
shall see later, that ordering sets is the Ijasis for orderi^ of numbers. 

• The fact that sets may be Ordered accoa^ding .to how many members they have 
leads to ordering of nutoers, and in this__cQf3ne,ation, we have mentioned the ^ ^ 

. number line. Numbers themselves, in turn are usefd to specify order when we 
think in terms of the ordinal numbers: first, second, third,' and so on. In 
fact, we oft^n use numbers in the ordinal sense without stating that this .Is 
so* For example, when we refer to page 57 of a ^particular book, we mean the 

^.fiffcseventh page of this book, and so we do intend 57 to be , used in e^n . 
cardinal sense. This; gertainly does not need to be mentioned at this level. 
However, the children still need the vocabulary: , first, second, third*, 

' READINESS * ' . ' 

Ordering of sets is greatly facilitated if children are able to* d.istinguish 
right" from "left;;, and also "above'' from "b^loV* • It is usuall^' better to 
use the left to rS.ght ordejr since it is a habit .that we wish' to develop for ' 
-the children's later experiences in reading. * . ♦ 

■ • . ■ ' 30 ^6 . •. ^ 




- iilustrate^L below, 



Since ordering sets requires. chilVen to arrange the se^ts in a row such 




- J- 



■a 




any experience^hat can be provided of >tiiis nature ^l^ould be helpful. 



'ACTIVITIES .\ 



Activities can be planned so that children have actual experience in com- _ 
paring sets of ob3^cts^.'. For example, _ • 

o ■ Have children seTte'd in a sem-circ'uiar arrangement . 'Each of the childrer> ^ 
- 'is given^a set o> objects, The children are paired off tWo-by-tvo, and 
. - thinate encouraged to compare sets vith their partners. One may teve 
>re than" and'the other "fever than""' his partner. Also, one may have 
"as many as" his partner. ' ,, ^ ' 

o Different^ Children c^n be handed. pre-coAnted sets of^objects (toys, erasers, 
blocks, etc. in a container) ' consisting of .different numbers of objects.,.^,. 
Suppose Tom has k objects, Dic^ has 3, and Mary kas 6. We can have 
^ Tbm compare his set vith Dick's by placing the sets side by side on the 
flooi^. After deciding that Tom should be located to the right of Dick, 
^' • • ve next ask Mary to compare her 'set vith Dick's and Tom's in turn. This ^ 
kind 6f activity ,^an be repeated vith other stets and other children uniil 
each Child has had some experience vith set comparison. This type of . 
'activity should be vei^ informal Snd should be relatively limited in ^ ^ 

dupration. , ^ ' * * ^ ^ ' 

, ^ere are many opportunities lithin the classroom for the serial ^arr^nge- ' 
' me;ts'^f objects. At these tide's, the teacher can help^ha children observe. . . 
W order'the objects. Opportunities for exploration of this concept and for ^ , 
'natural use of appropriate vocabulary should be very frequent throt^hout ^.the . 
program. • , ^ - ' . 

o As snacks or meal^ are districted, make reference to vhich child is ^ 
served first, second, third, etc 
' o ' Dissuasions of the days of the veek can involve' ordinal number; for . 
' example, SUnday is the first day of the veek. ^ 
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As chiW^n;piay with manipulative-materials; the teacher 4^:use this 
9PP0rtunAy to point out and help childz^en explore order. 4or "example, ' 
or^er in .stringipg beads, and so on. ' ' 

There are W^stories aryi soW whlcUre based on the concept of ordinal 
. number. TKese ckn profitably be included in tke program. For examp'le, ' 
Three Little Pigs (traditional-) refers to the first pig, second pig; etc. 

yOCAEDL ARY -i f ' ' 

ordihal number ' ' \ ■ , ■ - .. - ' 
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- • 8/ lwMBER'"pRbPEm OF A SET : ' " - * 

. } . * ■ -'i^ ; 

BAC KDltOUMI) • HCTTES 

^■^M ■" ' ' * 

The concept ofv number developed from the concept pf sets . Recall that 
sets can be compared according to different criteria. A set of red balloons' 
and a set of red blocks share the common characteristic of color. A' set of 
blue blocks, a* set of red blocks, and a set of green blocks are each composed 
of 'elements which are blocks. ' ' ^ 

If a one-to-one correspondence* can be set up between ^he^ elements of two 
sets, they are said to be equivalent.. For exataple, (Leon;. Rosa, Eddy] is 
equivalent' to (a, b, c) because their members can be "paired, with none ;Left ^ 
over. It is certainly possible to name many other sets w^ich are equivalent 
to these; indeed, "we could never exhaust all the possibilities. 'It Xian be > 
seen* that ^ ' ' 

(animal, vegetable, mineral) is^equivalent to (Leon, Rosa, Eddy], 

>- 

and by^'virtue of the fact that 

'. {Leon, Ro^, EddyL is equivalent to (a, b,;c],\ _ ^ 

we have, by the transitive property of equality, 

(animal, vegetable, mineral] is .equivalef^t to (a, b^^'c]. 
Clearly, by repeated use of *this kind of reasoriingi^ any set thai is equivalent 
to any one. of these sets is equivalent to each of them. Tftus, the sets are 
all equivalent* to each other. These sets share a common property; they ha^ 
t^e same numb'sr of members . ' ^ ^ 



Similarly, the sets 



A = (aj 




D = (Lenore, iJevin] 



are each ^uivalent to 6ny o^ier in this list. They share^ a common property, 
of each having two elements. - \ i ** 



33 



39 



tSii^Jv^ Every set has this number' property. W^'call this characteristic the 
nufliber of the set. It is determined T)y the number of elemeats in the aet. 
s^ts >?hich are equivalent have the same .number To simplify the terminology ^ 
l^'f^^e denote the number property of a set 'A as nCA), thought of as "the number- 
fc!*- P^^P^y A", or in short, ^ of A". We can. rephrase the statement that 
- equivalent sete have the same number- by saying*: 

' IP ^ THE SETS A \AND B ARE- . . 

EQUIVALEN3V*^HEN N(A) = N(B) .> 



•v 



.Note that this does not say A ^ B. Thdstatement A = B is only true if ^. 
and B have the same members; it is not enough td have the same numbej> o^ 
I^T members to be equal sets. ^ . v - • 

Ordered Sets \ - , • , 

Frequently, the elements of a set present themselves in a natural order. 
For Instance, mO&t English -6.peaking^ people 'would list the members of the set 
of vowels as^ {si, e, i,rO, u). It is natural to list the elements in this 



order because thjis is the, order in wfcis^hey wer^ learned. It is convenient 
because without ^undue checking one can be sure that he has not omitted any 
meittberw' Similaj^j^^ it is ;iatural to list the ?iembers of the set of letters 
of tl^e alphabet "as: • ' ^ ' , 

(a, b, c^^d, e, f, g, h^^i, j, k> i; m, n, o, p, q, r, s, t, u, v, w* x, j^, z). 

In ordinary writing, we write this set as * > • 

» ^ ' {a, b, c,^ z). 

'The three dots, mean "and so on in tRe same manner". They are" used to 

indicate the omission Of certain members. 

^ Essentially, to "order" thin^,^is totlist or arrange them in some, parti cu- 

lar fashion. One can th^n say of »^ach element, which of the^ o j:her elements it 

' ^precedes" . We do this by comparing pai3rs of ^l^ents in the list and deciding 

.which element precedes the other. .The word "precedes" may be replaced by 

tj^* "above", "below" , ^'^ shorter than", "greater than", and so on, depending on the 

elements to"*be ordered. For example, consider the set of ^names: <^ 
' . ' ' ' * ; ' 

' ^ {Snoopy, Charlil, Linus, Schroeder, Lucy),. , 



: In the above .e^ipple, the name of the number property is "two".* 



,If ve q^er these elements alphabet i'cally, we have ^' . 

V| {Charlie, Linus, Lucy-, Schroed^r, .Snoopy]. 

T^en an order is imposed on th.e elwents of. a fet, such as we Javelin the - - ^^"^ 
- second listing here, we call this set* an ordered set;.---^^^*"- 

W Let us establish some ordered. sets beginning with the s.et, ^[1}, ■ and 

oontinuing' in the following manner: 

■•' ■ ■ ' .(1, 2}, • ■ ; ' .-' 

• ■ ' (1, 2; 3), 

- . (1, 2, 3, ^ / 

and? so on. 

From the way these sets have been c6nst);ucted, we se,e that each of these-^ 

sets is. a subset of each' of the followiTig sets.. Thus,' ^ : - 

* • • • , ' * 

• ^ {!) ^'J.s a subset of {1,2}, 

... (1, 2} is a subset of. -{1, 2,' 3}> 

0 . c 

aod so on. . ' • . . 

* *> 

These a^e- called standard sets . -By comparing these sets, can determine 

^ which belongs' before- the ^thers in ordering these sets. For example, we see 

immediately that {l| 2, 3) belongs^^before {1, 2., 1, h; % 6} ii> ordering 

these standard sets. Thus we get a cataloguing of these sets in increasing 

order of the number of elements in eac^h set. In the rtext section, we shall 

i^-.' ' make use of ' this catalog of sets to arrive at the cardinality of a given set. 

. * ' ' ■ . 

, Cafdinalityi » and Ordinality ' 

' ^' ' i ' 

\' ' , Let us corisider the sets , . • z' . 

- / ' . A = {Dorothy, Zagfi] ^ . ' - ' ^ 

^ \.- cf' „ B= {Lenore, JCevin} • ^ " -. 

C = {Ruth, MargaretJ^ " ' „ , 

. * ■ 13'= {brick, .Kouse]. 

.... Each of thfese sets is equivalent fo any 'other 'in this li§t, since the elements 

of 'any two of the sets can be puti'into one-to-one cqi^-espondence. Let us^'con^^^ 
sider all the sets that are equivalent to any "one of these given* sets. We hJ</e^ 
noted that the-coimnon property possessed, by each of these sets is^e humber, 
two. Thus', we say the^ numbeV property of the set A = {Dorothy, ZagS") is 2; 
or alternately, .''''n(A) = 2., By the pame token, , 




• H(B) = 2, lf(C)v= 2, N(D) = 2. 

• ■ • . • • , 

property^ of a set is the cardinal number or cardinality of the set, 
^^^.*he.nvta"ber itself, a cardinal number. 

'^"^■ber property of (l) Is 1; of (1,2,3) ls» 3,* of 
^' soon.^ Notice that^the number property of ^ny 

^JjSJ^'^^^^ the number named by the last element in the set. The words,- 

^•fVoneV, Height", ninety -nine" , and so on, are ndmes of cardinal numbers. This 

^"^ considered entirely separately^rom the phenomenon of order. " 
I'- - There Is^ cardinal number that is not named by the last element in any 
!^ of the standard 'sets. This is the cardinal, number for the empty set, the set 
f consisting of no members, and therefore, a fortiori , no last member. The empty 
^ set is simply assigned the cardinal number zeroj .that is, N( { )) = 0. ' 

- * ' '■>• ■' • 

1^1" - ^ l'^^" ^^^^ ordering of sets of elements wlthin'^ts. * ^ 

|^,-in this reference, the woks, Jlrst and 'last, iiave been used, and we recall " - 
g- that this kind of ordinal sense was mentioned in the, previous unit: Ordering 
||;of Sets.- In contrast with cardinality, the fact that we can talk' about the 
|; third letter of the alphabet or the fiftieth State of the Union, depends upon 
|. .thejordinallty of numbers. The words first, second, thirty -eighth, and so on 
JJ^are^ names of ordinal numbers . These are Independent of quantity and can only ' 
fv-be^ considered relatlW to some frame of reference. That is, we cannot speak 
I -;of' the third quarter in a football^gkme without Implying that there were a • 
^--"first and a second quarter. HoweVer, the ^hlrd quarter only refers to one df ' 
i;he implied three quarters. ' 

Both aspects of number, its cardinality an^ its prdinallty, are contained 
in ''the statement: Jiijtny is the third of our seven children. .Note that an' 
■: 'ordinal nuiqber requires^ a set of at least the correspondlngi^ardinal nufaber ] 
I of members . Jimmy is the third child i^equires at least a set of three. It 
_|^niakes no sense to say: Jimmy is the thli-d of our two children'. On the other 

® cardinal number does not necessitate ordinallty of Jts members . The ' 
j-fltimber two^ie the cardinality of (chickenTlgg); the question of the ordinallty. 
||*of:the memJjers of this ;§gt has-'occupied^^^s for years! 

'Ieeapimess ' ' ' ... 



V 



Before th? children can determine the number property of a specific set, 
m^pave to know t^e names for the cardinal numbers.' Ai?-thls level, it seems 
||wlse to begin with sets .having from one to five members. ,If the child knows ' 
;^the, numbers frbm one to five, he essentially has the standard sets 
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JlUJl, 2), {1, 2,-3)/ {1,.2, Wl.}, {1, 2, 3, 5) 
in his repertoire. If the child is given the task of determining the^ cardinal 
lumber of a''9articular set, say the following, 
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he' pairs the given set with one of the standard sets. Hovever, he does not 
actually have to search through the five sets to find the correct ^one. Recall 
that each standard^ ,set is a sutset of tlje next one in order, a;id furthermore, 
the last memter of a standard set names the cardinal numter of. that set. Hence 
the child pairs each element of the given set with each element of an "open- 
ended" set of numbers, * , . 

J (1, 2, 3, ^, 5^ •••}. 
When he runs out of elements.in the given set, the la^st element he has paired 



from this open-ended "standard" set names the cardinal numter of the give|set. 
'We call this process "counting" members of a given set. _ 

•Many occasions arise vhich call' for counting members of, a given set. We 
do not, at this- time; wi^ to emphasize" rote counting.' -The emphasis should te 
on comparison of sets, and the concepts of "as' many as", ^'more ^han", and . . 
"fever rthan". Hovever, vhet "counting memhers of a giver? set" does come up; 
the 's/t to te counted should he clearly defined and 'the children shouid te 
told that they -are finding the numter of the set. ^s avoids emphasis teing 
placed on the last memter counted. In other vords, ve associate the numter 
•"five"- vith the set of five members and not vith the fifth member paired. 

For instance, • ^ . ^Jl"*'^ * . * 

"Here is a set of blocks/ What is" the number of.th4.s set of blocks?** 



a o 



",Let us count the members." 

"One-, two, three, -f^ur." 

"There , are four blocks in the set." 



ERJC , 



i • ^1 



t -.1 

} V 



4^ 



We also wish to stress the fact that the order in which we count the ele-* 
^^^■■Bients does not^ change the number property of the set. Understending this cog- 
fe-^^^* facilitated if the child has had many experiences in pairing set's, 

^Jfana-if these experiences' have shown that the order of pairing is immaterial, 
lll?:^^^^^ ^ ^ has^more members .than set then no matter what order is 



A' will always have more members than B. Counting members 
fj.."^,^^^ different order may help to offset the emphasis that a particular 

piXv"^^"^^^^ -^^'^"^^^^ ^i^h a particular number. <^ 

Occasionally, a child may understand one-to-one correspondence and^the 



|--;process of ^counting but still may bejinsuccessful because he cannot^keep track' 
of what he has counted and what he has not counted. For such a child, it nay 
be necessary to actually suggest some systematic strategies in attacking the' 
pfobiem. fbr example, if the objects are in a horizontal row and^e still ' .' 
• skips 'around coiint'ing the objects- in a .r»ndom fashion, it might be suggested " 
that he proceed from left to right as in reading. ,. ' 

Ixi counting, it does not. matter which element of a set is paired with a * 
given element in the appropriate standard 'set. The same number property is 
obtained regardless of the; pairings used. By contrast, in ordinal use of 
numbers, it^ assumed that t^ere-ls-a^ pre -determined order in the given set [ 
as well as in the standard set. ^Ttiaf is, tfee Elements are ordered as associate 
ing wYth each element .as the first, second, third ^lemeht,^ and so on as the . . 
case may be. The ordinal numbers may not be in the vocabulary of some children. 
- However, it has been ob serve d^^t hat m^ny children do know what these words mean. 
In such cases, apparently some inqidental learning has occurred. I 
ACTIVITIES \ ' " ' * 

, The teacher should' be. aware of the many opportunities for making reference " 

^to quantity. Some of these activities, for example^ may be used In the class-- 
-room to develop the idea of "How. many?" 

'o Count the n^umber of. children in the room. * ' * ' 

,0. Count the number of children present. ' 

Count the number of children absent. ' , ^ ' 

, Sing counting songs i/ith children. ^ - ... - = — = Tr-"-- 

Use counting records which encourage childVrticlpation and^livoli^|^^ 
Count toys such as balls, teah bags, etc. 

Children shduld have many opportunities 'to compare sets which differ by * ' ' 
one, ' , - - * J 



38 



44 



^1 

r I 



^C:L The concept^ the last counting number is the cardinal number of • the 

' set w^e-taughif using much repetition to' reinf ore* verbal chains and staying 
i^- \ vlth-s«aller. quantities for counting at. the start. The use of "fingers for 
P^., cbuttting is. quite satisfaW, and there is nb reason to discourage such 



W'''- Whenever possible, rote counting should be d^eloped ^nly after children 
i ' I -have 'had many .opportunities to develop the meaning of numbers . 



VOCABULARY 

cardinal number 
cardinality 
number '/ 
number property 
ordered set 
•ordinality 
stan^ai'd sets 
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9. COMPARISON OF JJUMBERS 



>CKGR0U1Q) NOTES 



. ^ The set of cardinal numbers, when arranged in order, is endless. Given*^ 
any standard set, it is always possible to fin>another set with -larger 
. cardinality. W4 say that the set of cardinal numbers is infinite. 

_ ^-set. A which is equivalent tp a standard set is called a finite set. 
In o'thet words, if A_ is a finite set' its elements cak be counted d^fess the 
sefhas no members. Furthemore, the coUntiiig of the elements belonging., to a 
finite set would come to an end'. In the case of>he empty set, there Is"' no 
element to be counted, so'the counting also comes to ,n end, and the empty set 
is 'also a. finite set. 

Examples of finite sets are: j 

ya, c, X, y/z), ; ^ ^ 

Q =\fchildren in this cl^ss»), ^ 
R = {houfees on Main Street). 

Examples^ of infinite sets are ; , . • 

S = (cardinal numbers) = {0; 1, 2, ...) 
T = {even cardinal numbers {0,* 2, k, 6., •..)., 
Order of Numbers - ^ \ ' 

• ^ The nipbers named by the set of numerals \ 

^- ^ ^ {zero, bne, two, three, ,..) , 
are called the whc^e,, numbers . As in the case of ; ' 

la, b, c, X, y, z), ; 

we have used the three dot^ t^ indicate the omission of certain elements. 
The difference in the use of the three d©ts in 

^ {zero, one, two, thre^, ...) ^ 

is that no end^is indicated in the list of whole numbers. The set of whole 
numbers is an infinite set."" ' \ 

f If zero_^is omitted from the set ' 

{0,.l, ^, 3, ...), ■ . • ^ ' 

we. have the set Of counting numbers or natural numbers . Thus, the set of 
couttitirtg numbers is • • • 

■ . 2, 3, ...). . ~ 



iSiK '^^'^ ora?-rea by meaas qf standard sets. Two^seta 



A = '{a, "b, c, d, e} . 

B = {A, I,'®) - . 

are eqi^lent. 5aoh of these 'sets is equivalent to the ^tandard set, ^ 

' {1^ 2, 3, y, 5). " ■ . ' ; ' 

Hence, the <^rdinal number of these sets is. 5- ^ , 

£f a standard -set " S hsls fewer members than a standard set P, then th^ 
cardinal .number of S is defined to be less than the '(^rdinal number' of P. ^ 
For example,-' {1, 2', 3} has fewer members than"* {1,^ 2; 3", K 5),' and hence 
3 is less than We vrite this , 



properties • 



'When' the eleme\its of the set of whole numbers is written "in order, 0, 1, 
2 each number %s less than anj(- number that succeeds it in the sequence. 

a?hus ' * • . ^ ^ * 

^ , - ^ 0 < 1 < 2 <.3 < - 



> ^ 3 < 5^ ' , , . / 

.Tffe symbol • V. means "is-iess tha£", We see then, that the order 'relations 
"more than" and "fewer than"7ertaining tq elements in sets impo^ the order 
relations, "is gi^eater than" an^'is less thaxi" for the corresponding, number . >• 



The statement, 3 < 5 may he written 

'r^' ^ ' - 5 > 3, 



ml/ 



vhicb.is read, ^5^' greater than 3". The symhols , < and > mean '"is 



fe^'^'^^'less than" and "is greater than" respectively. 



Note that'the phrases "more than!»^and "fewer than" refer to sets, while 



'fefe' . "greater than" and "l^ss than" refer to numbers. 



r If 'v^l cih^e any two Whole numWrc and exactly oi^e of the, fpUow. 

en 



M^-^::' ing statements is tryie: 



1 <.-if.'^ 



a < b 
. a/ b 
^ a > b. 



in 
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^m;,£-^'(£:^siyen whoJjfe number sepai;ates all Whole^iunbers into three (S^^sesi 

' i numbers greater tKan.tHe given number j 

^ ail whole numbers' equal to the. given numberj 

/ • ' » 

■ ., • all whole numbers less than the/given nymber. 

^^'ihis concept of separating numbers into tltf^,such classes will be extremely 
^^^orfcant in later mathematical studies, At this level, we -make use of this 
in arranging numbers in order bj^ comparison. * * 



Si-..' 
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Th& concept of order for the cardinal number is dependent u^ti comparison 
of sets.- Hence, the experiences a child has with comparison of sets by 
pairing will form a firm foundation for later experience^ in Comparing numbers. 
p?:-it is nofnecessaiy for the child to acqui^re the use of'tlTe terns "greater ^ 
|v._than" and "less than". It is, however, suggested that the teacher use these 
terms whenever possible, provided that he uses thfem correctly. 

All comparisons should' be performed with words. and ^ncrete objects. The 
^'■-'symbols for numbers should not be specifically taught it this level. Nor do 
l^^^ '-the labels, "counting numbers", "natural numbers^, "whole numbers", need to 
s^, be introduced at this time. 



ACTIVITIBS 

- ' ttf 

Activities involving the "more than" and "fewer than" concepts ca;i be 
us.ed to lead ta thg? concepts of "greater than" and "less than". Certain 
^ stories' can be uied as a basis^for ordering sane of the characters by size or 
age. For example, the relative sizes of Papa Bear, mraraa Bear, and Bal^ Bear 
, or the relative ages of Grandfather, Mother, and child may be used. ^ 

; By correct^ usage, we caft point to the notion ^that ^'raore thatf ' .and "feweB^ 
than" refer to sets, while "greater tjpan" and "less than" refer to nuxnliers. 
f:^ suppose we are comparing* the -following two feets- ^ 
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'^We have a se^ of apples and a set or caxs . nuw^ v.a 
two skts matck?" (By pairing.) • , • 

"Let us pair the tvo sets.". (Do sp^J 
"Ar§ there as many apples as there are cats?" '(No.) 
"Which' set Ijias more members?" (The set of apples.) 

do ve know that?" (Because there are .some apples left unpaired.) 
"HOW do we find the number of he set of apples?" (By ^counting': ) 
• "How' many members a^e in the set of apples?" (Four.) 
"How many membe^ are in the set of cats?" (Two.) • 
"The set of four apples has more members than the set of two cats; ^ 
so we say that four is greater than two." 



VOCABUIARY 

counting numbers 
^ finite ^ 
greater than 
infinite 
less than 
natural numbers 
whole numbers 
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Ip. OPERATIONS WITH SETS ' ^ 



..... 

if |sf??^5 — ^ ' ' ■ «. 

^ll^ d^oiniiig ' Sets m 



^^^^•*$^PPQse we have the following sets: 



I'^^-There is a natural .way by which we «an make up another set -from these two. 
B^:ms is to construct a set, C, consisting of aU the elements- 



0 = {A, 0, □,o,Dsi:i, 0,;^}. 



^0^^''°'^^^^ (operation) by which we have evolved C from A and B Is ■ 
g^^Wlled ioisiss. Since we join tw9_ sets at a time, joining, is said to be "a 
gr|jSSlg operation, and from the way thfs operation is defined, it is an 9pera- 
Ipoh' 9ri sets. ■ That is, if A and B, are two sets,Ut is possible to fom a" 
.^l^iew^et by -joining A and B. This new get is caj^the union or ,1o^ of - 
A ' and B« ' 

' present purposes, we join two sets only if the two sets^do no\ 

p}^ve> afay ntembers in common.^ This is because we. are^thliifcLn^ in tenns''of 
Igomecting this operation 6n sets with addition of numbers. Later/ the union 
Slfi:-^''^ l>roader meaning, for other purposes. We kee&l^to the more 'simple ^ 



The union Of A and B is written V . " • / \^'^ 



"A union B" . If A and. . B : are ai^bS 

I ^ {A, 0, OTte/ X, 0 , 




,,,,-,..5. , elements . A, 0, □ , are ra^bers of ,A • but not^f 4b^' it' is • ^ . J^' /4 
^^^^ualiy^true that. none of the members ofj B is a member, f,f A. " 'it two set|- S ' " ^ " 
& "^'"^^'■^ case, then,4^ say that the s"et6 

|g|e*aiaioiat s^J in a'^1 of our exampl4's for this level] when we join sets, •■ 
^e^Bbail join tUsd thatlhave no member's" in coftmon. For ixample, the set of " 
Igidys- in a classtboni and' the set of girls. in the class-room are disjoint sets; 
gth^union ofthese Jjfo sets is the set of, boys and girls ip-the classroom. " 
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An ^important property of the joining operaticyi is that the order of 
Joining makes no difference. If 

A = {Mary, Janice}, 

B = {Sue, Deborah, Myra}, 



then 



A U B = {Mary, Janice, Sue, Deborah, Myra} 



B U A = {Sue, Deborah, Myra, Mary, Janice^O. 



Since A U B has the same members as B U A, ye write 

Au Bv= B UA. 
Another way of stating >his- fact is to say that 

THE OPERATION OF UNION OF SETS IS C(»MJTATIVE . 
' A second property that will be of interest to us is one illustrated by 
the example {l, 2, 3)0 i )- As^ the union is composed of all the elements in ' 
eacli.of the two sets, and '.since the empty set has no members, the union is pre- 
cisely /I, 2, 3). Therefore, we must have 
.. / {1, 2, 3) U {" } = fl, 2^3). 

In general, if A is a set, then it is true that 

" A U { } = A, , , ■ ■ 

This is parallel to the situation in arithmetic when 0 is involved 'in • 
addition, such as: 3 + 0 = 3. \ • , " 

Remaining Set (Relative Cojnplement; V- , 

In the previous 'section, we' started with two sets and from them constructed 
a nev set called trfeir iinion. The construction of new sets from given sets is'"'' 
• not a complete]^ foreign notion to us. Recall that construction or new sets ' 
• from a given set was done ir^ obtaining subsets of a set. For example, from 

^ ^ A = {1, 2, -3, '^,.5), 
.^ we can forrd.a $ubspt of A, say, ' . - 

B.= {1, 2}. ^ '^'^ 



With respect to A and B, another set may be readily associated. This is 
". the set, C, consisting of the e^lements, 3,' anU 5; namely, all the 
elemehts of A , that are jiot* elements of B. The following display shows more 
clearly the interrelationships of A, B, and \ 
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f;><-..-- , . ■ A = {1, 2, 3, 5) 

■ , ; ^ e = (3, li, 5'). 

|n connection with A. and B^, is called the remainder set , or the 
Relative .complement of B with respect to A (because C together, with B 
|4^^-;|^^£tes the set, A). 'Uotice that to obtain a remainder set, we must first 
^^^^l:iay^ given set and a subset of the giVefn set. We can think of the remainder 
obtained from the given set A by removing members of a' subset from- A. 
If we consider the set of children *in the**class, the set of girls is a- 
subset, and the set of boys is the remainder set (relative to the^se-^ of girls); 
or, if the set of boys is the subset being removed, then the set of girls is 
the remainder set, 

• . From the description that "C consists of all the elements of A that 
,are not elemehts of B|^we see "that C, as well as B, is a subs4at of A. 
1^^^ What we mean is, if. A is a ^iven'set, and ^B is a subset of A,' tben we ; 
immediately identify two subsets of A that go hand-in-hand: B, and the 
Subset made of members of A but not of B. ^ 

^Notice that if we join the remainder set with the other subset, the union 
is the original .given set. Ii! the examples above, * ^ 

B U C = {1, 2, 3, 5}^ A. 
Also, ' ^ ' ' ' ' i ^\ 

{boys) u {girl?} = (boys ^nd girls). 

A prop^rty*^ich will have bearing on later wprk with numbers is the f|ict 
that if we" remove the enjpt^set from ^ given get, the remainder set is still 
the given set. We can perform this opera^^lxjai because, as stated in previous 
section,, the empty set is a subset of any given set. This con^pt i>?associated 
with the p^operti^B^ of the number zero. For instance, in problem such as 
3-0 = 3. ; ^ ^ • ... r " 



k] . Joining Sets . w ' 

^he joining process for sets is basic to the concept of addition of num 
bers» This means th§t if the child is to understand addition, he must have 
: experience in joining sets^ ; _^ ^ 
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p8i5!s'"At the pre-school level, the' sets being .joined will be concrete objectsj 
ft|:?^irefore, t^ey will most lively be disjoint. For instance, if we join %he 
fcfr-sib of rhythm sticks wi%1fi tW'set of tambourines," then we are joining two dis- 
fe'ibJt.'. ■ "Joint » sets, because the sets have no common member. 



An example of two concrete sets which are not disjoint is the following: 
ttie set children with blue eyes and ^he set of q,^ildren with blonde hair. 
ThesB two'^sets are not disjoint because there may be a child who is ^blue^ 
eyed blonde. He would then be a member of both .sets. 

" J .Before joining two sets, be sure to define each set clearly^n say^ 
' - "Now, le-tffis form a new sejb by joining these^two sets." ^ 

' The concept of joining di'sjoint sets been reported 'to be fairly easy 
for children to comprehend. Apparently, joia is a word that is used occasion- 
ally ±n other 'situations.' Sets of buttons, books, pr ^ther concrete objects 
my be joineA^ith'ather sets Of any concrete object^o communicate in a ' 
natural way the notion of a union. ' 

The notion^f -a commutative operation can also be rendfered in a concrete 
form such as books frptf the shelf joined with books on the desk and "books on 
.the desk'joined with books on the shelf. In either case, the same» set of books 
is in the union. The^words "uni(^n"._ and "cummutative" need not b^ introduced at 
i^Jile jpoint . , ' - , 

Joining the empty set to a giv^n set can be introduced as a game. For ■ 
instance, one could join the set of children with the set of elgphanta in the 
Class. It is then, not difficult foy the chil/en-to agree that the only mem- 
Ijers of the new set are the children in the class. _* . ^ , 
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Rema inder Set . , . 

Just as the operation of joining sets is basic to addition, so is the 
concept -of remainder sets fundamental to the operation of subtraction for 
numbers. ' ' " ^ 

We wish to stress the given set and the subset being femoved. In arder 



fe- .,to f^cil'itate-this process,, the -children sho*uld have had many~ opportimitie^ to 
■■ ' '' ubset5 of a set; that is, seeing portions of sets/as' parts of a vhole. 



,f ocus on s 

set. " - 1 

The process of removing the empty set from a, given set is a more sophisti- 
cateA notion and shot^d probably be avoided in pre-s'chool. " ' ' • 
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Joining Sets 

The w6rd "doin-' .5iay be applied 'to a varlky of activities having associated 
meanings, , sucli ^6, "one group of children joining another" and the mathematical 
meaning indlcate'd in ttiese sections. All of these carry. approximately the same 
idea, so this vocabulary nfiy be used naturally, it is important to use the 
fc'-' • vocabulary "Join"' whenever possible. Th^ concept may occur, for example-, in 
these activities. " • 

o - Have childreycollect sets in the room such as "all scissors" and "aU ' 
paint brushes" . . ' 

o Help 'children to understand hov two, three^ or more classes "join" to 

"gether on the playground. " 
« . ■ ■ • 

o Children can continue, to add tools until they have a set of tools; fo^ 
example, "a set of clay tools". The full set need ntt be defined ahead 
o5P time since the tools which they select ^to use will be their individual 
"set".- ' ^ i 



The commutative property may be iUustrated by various ^unions ; 

In mixing paint, children can joi;i' different colons of paiflt in different 
o rd e ro with o ut -modtfying the final results'. • ' - ° 

Children in Table 1 can be joined with those in Table 2, and vice 



versa. 



o Children can place water 'with salt' or salt with water ahd^end with the 
X, same^s^Lty solution. There 'is probably.no need to cariy .the Analogy 
'^beyond this point in the beginning'. , ^ ' ' 

Remainder Set ^ ' . 

The concept of remainder set or cobplement can be approached .bv making a 
game of >o is I^eft?" or "What is lef/?» . If done judiciously, thi^ d'^. add 
I to the play value of the experience. When mention is made of people vlj/ remain, 
point out that the remaining- people^form'' a group or s^t. 

At the slide, "Who is left?" ' may refer to the children r^iaiijing' a,t the 
top of the slide. • • 

As children va^h up^ for lunch, the tekcher can point out who have finished 
washing 'and 'who are left to wash. 
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distri-bUt^s, equipment, there are opportunities 

For example, ' * 

,'.'A?.^t ' . rhytlm ins^trunlents ... * - - 



iUus- 



•wheel toys >- . 

V snacks 

•notices to "be taken home* 



^. "binary operation 

comimtatiye property 
con^^lement, relative 
disjoint. ^ 
join 

Joinin^t-'-\;.,,^.^^.. 
remainder set 
union * • 
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ELEMENTS OP- GEC»1ETRY 



l^^.-,. ' . ; ^ the previous sections we have dealt with sets of objects and operations 
fci '*'- T^^^ ^ "^'^ ^^^^^ *° consider sets of points 

w>-*'^^^*^*'"® °" ^^^^ to generate various geometric figures. We shall - 

g;;5|®'8in our approach to geometry in a way that will be most ' hWlpful to teachers 
^^'-^ small children. That is, we will consider concrete objects' and abstract . 

froa them certain desired geometric information. We shall then shift -bo a „ ' • 



^^^f"'^ore.mQthemt±(SQlly logical approach. 



II? 



^ Observation (S^onqrete 'objects such as. those shown beld^wiUvbe helpfjol 
for an-understaxding of abstract representations of figures. 



ball 




ice cream cone 





^ ^ Discussion of the characteristics of these shapes facilitates familiarity with 
'-some of the vocabulary associated with tlrem. ^ "^^^ 




(a) 

recta^iglxlar prism 





(b) 

cylinder 



(c) 
sphere. 

^re&tsntations^of geometric 



^ The above drawings are examples of typical 

' figig^ in J:hree- dimensions . There ma/ be some difficulty in visualizing the 3- 

' dimensional nature of the'figures sinci the drawings are restricted to;bwo 
dimensions. The dottea^lihe§ are included to aid perception." They represent 

y parti of -the figures which would not be visible 'from this vantage f>oint. 

' these ^fi,gures, the inside" is not filled. The ^object identified 

t>3r (a) looks li,ke a, block It is not like a block.^ terms o/being composed 
of ma-^ter such as wood. It is shaped like a bloct^ but is hollow. Physical! 
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v^t| the ) geometric ':^^guref|ib,Ti^^^ J 
auding'iiie Ifd),, 'empty ^lane'at to^^ij^^ h; 



•t^^Lv.'.- i<' <For our supposes in developins some -basic, concepts and vocatulaiy, 
-yf,^ .concentrate only on Figure (a) . ' , 



we 




Fir 



.' - ' ' > (a) 

This "-box" (;nore fom^lly, a. rectangular prism) is made of six flat sur- , 
faces vhich are called face's of the prism. 'The face of' a 3-dlmensional figure 
.id a flat surface of the figure. ' ». ' 

. • /where two faces meet is an ed§e. Each face of this figure has a boundary, . 
of f«ur edges. The "'skeleton" of the prdsm^.is' made up of twelve edges. ^ 
* one .other characteristic\)iich we .vish to identify in the ahove figure, is , 
' 1;hat it has "corners"' -where three 4dges come ^bgether. , Each is a vertex 
blu?^l: %v^es) of the prism'. Note, that.any two of these three edgesrwould^ 
meet in ti' same- place and form the same, geometric figure. -Thus the two^^igure^^ 
1;o the r^ght "below ^ 




and 




. J. ^t. 



ft.;..- equally well locate ^he vertex of .the prism identified' l>y- T." Thus, a vertex , 
€i--..ma3; b6 determined hy ±he meeting of two edges of ,a face.' A poirif.pt. pometric- ■ . 

. ' ; ' ^,,^v,«+v,/Mifl'Vi ^+. fa not the "uiee ting' \* * 




■ ... 



■if 
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-•j A^golnt aajr ^je thought of as a precis^ locsjtion, , Polnjfcs ai;e ^rep.resente^ ■ 
by-dbts'on a paper or as the end- of a sharply polluted pencil. All of thJse ]' ' 
are visual aids to assjLst^us in conoeVtua:j.i2ing the nature of a point. 

These representations are merely attempts to symbolize the idealized geo- 
m6tricje|itj.ty called a' point. Tl^e difficulty .is that a point is an idea^rather 
than a P^^l pbject. The point which we represent by a dot, no mattjer how 
small- the dol^ covers many- locations . ~ ' ^ ' \ 

t . . » ■ , , . 

When we arrive at the*-description of a point as an exact location, this is 

not a^ definition of a point in the fo^gal sense. If' yl say* a point is an exact 
location, "exact "location" must be understood. ' The dictionary might ciefine, 
. ^°<=«*i°ne?«&."POsition in space". Position In space' mi^t" refer us back to 
point. If none of these words were meaningful to us, the dictionary defibi- 
^ tions would ha'rdly clakfy matters. However, the ciVcularity in dictionary* 
^:definitions is necessary^ because tfiere is only a' finite -number of words accessi- 
ble in the ^dictionary. EventuOly, some word in the chain of definitions must 
reappear. Imp^cit in this is that at leJist one word %-a. the chain must be ' 
. slmply-'understoo-a'so that others may ^e 'defined in :terms of it. "Po'fnt" is 

such a word in ge.6metry. In a -sense, it is the "first" wor^ in the vocabulary 
' of geometry, and we may say it is aiv- undef ined term . ' • " ' 

Oace the concept of jJoint tis understood, we will again rely on. represent- 
ing points by marks on^paper. to facilitate discussing them. They are commonl^ 
^labeled % capitar letters . The drawing represents point or sim^JTNP, 

- by which, a -point is understoocl.- ' , / \ 

Every geometric figure is a -Set of points. A curve is a set of points ' ^ 
."♦followed in^moying along a path from one point to another. ^ 
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£JI'%!n?l»s.-th6 drawi^. a^^^ A., to jfoint B,« of fifein 

£';"*oint 3- to poiit A. It is evident, that there are cither curves from .A "to 
W ifr Indfek there, are infinitely many. , vf , 

Inherent in^the notion of path is the idea of coi^tinulty. There may not^ 
^ti; vj)e gaps in a path. Neither of 1ihe drawings below is a path .from C to D. 



'My 

5-4 




According to the strict mathematical definition, curves do not have to be con- ■ 
tinuous. We, however, will consider only those that are. Hereafter, by "curve" 
ye>,6hall mean a continupus curve. ^ 
/' Portions of the path or the entire path may be straight. As a path may be 
i^ed to specify the set of points in a curve, anjj of the. following figures/ 

to Q. . n ' 

/ 



/represents a curve from P 



Line Segments ^ 

Let-us represen^t two points by the dots below labeled A 
trace several paths from point A to point B qs shown*^elow. One o;^ the pa^;h 





and B. / We 'now' Av 





:.sho™ in the picture i^f specif importance. ^ It is the -most direct path 
'offi A to "B. . This path,' represented below, is called a line segment. 



— n-i 



liv' -The sj^bol for this line segment-is AB or m and the points/ A and- B are 
called the endpoints of AB. . A line segment is named ^y its tv/o endpbints. , - 
U- Since both Sb and Sa denote the same Segment, the order in which the eod^^ 
^•f.}'-'^" joints are named is irrelevant- . , 



» v 



ERIC 



I 



... 

jpbint Of the line segtoent yhich is not an endpoint, is salAi to te 
^^^ ^^^^^ ^wo^ndpoints.' Hence, |to d?ci(^e whetlier or not' point /c is between 
' "'■^■^■';?0iat8'*A',and% we draw^ AB, akd if C"lies pn the line segilht* we- say 

^-^i^^;; ° between A and B. Wl^en we say that ;a, point i^ between tWo-others, 

..,^ '■3* ^^^^^ uiiders|ian(^ that ^11 tlixee, pbints are distinct points which lip 
SI?4^Vi--95-' *he same, line segment. j . , 

• C&ice a line segment^ is defined by the location of its two endpoints and 
all the points between them, it determines two directions . If we imagine' ex- 
tending a given segment indefinitely far in bofh of these directions, we con- ' 
"Ceive of a geometric line . • • ^ ^ ' ■' I ■ 



M 



/ - The drawing Represents ithe line formed- by extending ^ in both of its , 
determined directions. The arrowheads are used to indicate that the extension- 
ts infinite. We adopt the notation ^ for the line containing the two* joints 
P and Q in order to distinguish it from, line segmeiJt PQ written as PQ. 
>We oan refer to the line. in this drawing as •M, ^, and so on, ^Ince • 

'each of these designates the same line. In general, any^ "two points in the 
Gbt of points" in the line may be used to name it. Again, order does not 
matter. 



It is ^important not* to use this terminology loosely. A line -has- no end- 
PO,ints, while a line segment imust have two endpoints. 

• Space ^ ^ IT, . ^ 

^ • Now that we miderstand the geometric^oncept of a Jjoint, we may define*" 
gec^metrlc space or simply space as the set of all points. 

visual connotation of space is iihe set of alf points in a three-dlmen- 
aional-exteirtr. "The notion -ofsf)ffce. In the more general sense, as dimply; a set 
of all points, is. extended to branches of mathematics other than geometry. 



(Thus, in probability, the set of all possible outcomes of a certain experiment* 
is' described as the sample space T) The peaning.of space is geflerally deter- 
^ mined by the context In which it is used Unless otherwise indicated, space ■ 
fe"; this program will refer to infinite, three-dimensional space. 



' >rT^Ieij.us.U cottsldei* a .subset of the set of points of ^pace called a Elane. 
Agsiii',- we, da not fei've a formal definition" of the plane. ^ ^ 

.' Any fli svirface such as the floor, the top of the desk, or a piece of . ^ 
. ^ pai.er suggests -the ide^ of a plane.. Like the line, a plane is unlimited in' 
. ..-extent. That is, any flart surface used to represent a plane only represents a 
V p^rtion of Ihe plane." The notion*^ the infinite extent of the plane is aix- " , . 
> •. preached' -by' thinking in terms of an ever-increaSiiig t^bletop and so on. 

BEADIMESS ^ * ' • " 

Logically, as geometric figures^ awTmade up of aoints, one should begin' 
th^ study .of.geometxy .vith the concept of vhat constitutes a point. Lines, 
• . eurves, planes, 3-dimensional figures, and spaces may be generated from a point. 

' Despite t-he logical .basis, the ^sets' of geometric objects that children 
■ • have tc'manipulate are sets of three-dimensional objects, These are the co^- - 
- crate objects vhich provide children vith experiences, from vhich they cah ab- , 
■ s*ract the mathematical concepts. For this reason, ve begin vith models of 

figures in 3-dimensitons .From the models, ve identify faces, edges, and vertices, 
once- identified, ve can use these primitive elements to construct otller geo- 
• 'pietr^^^gures. Children learn to recognize the shape,, of objects about them. 
Tffey become acquainted -with tljese shapes by moving .their fingers around the . 
edges' of^such objects as a 'domino, a record, a can,.' and blocks. Tteough such 
■ aeWties, they beffet^^distinguish betveen surfaces vhich have a feeling of ; 
-p- roundness and thoje vhich have corners; straight ed|es and round edges. 
' ^" ^^r^his.levil, the vocabulaiy used should be as simple as' possible vith- \ 



^ I oOTcrif i^ing-correctness Terms vMeh-can be^ «8ed- whil. handling simple ^ 
' . . s-aaimensii^naiigurBS. are W (rectangular. plisml, can (cylinderUsndJ^U- - ---^ 



v:/ - 



...^..r^), The£teacher, can say, "This object is shaped Mke a can." Th6 t^ 
' Wibmev^^'lmy be used for '^vertex" . . It vould nbt be correct to say that a ^ 
^ - spiere is^ shaped'like a o|^e, because "circle" refers toVshape in 
^.2-dimensions. ^ ' ^ ^ ^^^^ ' , V* ^ 

~ " 'The ^conceU ^of ;\in;:sSea^y be extracted ^fr^m a st^taight ^dge'Xf ^, 
, . three-dimensional figure vith the tvo co^rs of the edge being the endpoints'. 
- TK^ concepei^f a line is more difficult, as the|,child has to imagine the line 
' 'segment e:d.ending in b^th direotions^^^efin^ly . ' Straightness is a readiness 
task for the idea of a line. . , 



The emi^ii^sis s'hould 
volves the ijpe some simple, vocabulary, and basic-"a|stinctions / . . 



on recognition, of simple basic shapes. This lg| 



IMF""^ • ■ ■ • ■• ' ' : 

111- •• ^"^^.^^"^^ objects may. -be used as models to begih to orient thinking 
^^i^tdwara geometric, concepts. The qhildren can feel along' edges of book shelves, 
^^Sf^ example, to detennine straightne^s, and along the rims of oatmeal boxes or- 
g^y^tor rounded .edges.' (incidentally, in the rim of thfe,can, ve see an in- 
g\ -stance of^an edge that is not the boundary of twp faces.;> Jlote-^that ve have ■ " 
g;:;- used- .the word "comer"- to introduce the notion of- a ver^x. A source of 

possible confusion lies in the^use of the vord "corner" Jin referring. to various 
p- -activity areas; for example,'"the art comer" the housekeeping corner", etc. 
S> Per this reason, this kind of designation should^je avoided . These locations 
should be referred to, instead, as "housekeepi|ig area",, and so on. 
'o Industrial Arts activities provide many opportunities for the development 
'of -the concept of corners or vertices. As "children engage in carpentry^, 
• the corners in their products can be pointed out and discussed' ' 
o The edge of q ^building can be used to illustrate the concept of comer. 
However, this will provide only an_ intemediafe step toward the precise 
mean'ing or idea of Tertex. / ^ 

o ^ As a-followup, draw a'line around a, corner of the building to help ^ 
^ ■ children see what it mean? ,to "turn the corner" .' Help them to distinguish 
between the cdtner they turn and the comer of the building. 

o / Songs such as "Three-Comered Hat" provide further opportunity- to apply 
^^„,,and explore the conce^. 1 . ^ • 

In illustrating the concept of endpoints, the child may need help in dis- ' 
tinguishing between the temporal and spatial meanings of "end" and in using each. 
Precise -vocabulaiTr should' be -us^d and specific references made to endgoints , ' 
vhehever poVsible; ''ih'^ activities listed below suggest possiMe references-' 
Children can be shown th^ endpoints of a climbing rope. 

If children Strin^-the large wooden beads, the end beads can be used. to 
' demonstrate the endpoints. For the analogy 1?o be reasonably close, the' 
bead^!-shc^d -b^ strung tightly together'i-f-^> - .| . 

When children stand in a straight line, references to first and last child 
in line can bejnade. Whenever .possible, refer to. front and rear as ends 
of, the line . ' 

' I \ 

When the ruler is introduced to tHe child for experimentation, .the 
teacher can talk about the straight lines -wh|.ch result and the endpoints 
of the line segments . * ' ' • , . 
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Below are listed suggested activities for the concept of be-feween: 
When chiidr.en assemble in lines, point out a child or children who are 
•between other children. 

Use^ames where children put items 'between the paD^os of their hands. 

' / 
(Button., Button^ Who Has •••) ^ ' , 

Fojc^ndwiches, discuss'^e filling betweeB the slices of bread. ~; 
^acement of characters in dramatic playsj for e^le, Tarzan is between 
the sater-toothed tiger and the Abominable Snowman, 
.o Discuss" arrangement of, eating implements. The plate, is between the spoon 

and the fork. _ , ' 

o Art lessons involving lamination provide opportunities for exploration 

of the betweenness concept (pressing leaves and paper between waxed paper.) 
At this 'level, restrict the use of "edge" to figures in three-dimen?ions . 
Try to provide children with many opportunities to use manipulative materials 
with clearly visible edges . ' • 

o Point Vout edges in the environment: . ^ 

Table, chair, paper, plate, record, blocks. 
o Children can' try to cpunt, the number of edges on various kinds of Ijlocks . 
o In carpentry, we can refer to edges of the workbench, edges* of pieces of 

tood, and talk about putting "two; edges together". 
' - From the concept of edges, we can lead to the concept -of a line segment. 

Refe tre S9me 'example's o'f line segments : ' - ' - - 

. o. -As children 'ise manipulative 'materials like Tinker Toys, point out'like- 
' nesses betw'een" rods and line segments, 
o Use a i^ler with pencil or crayop to connect two dots as a lead-up to dot 
pictures. Since children cannot read numerals at this level, use dot^ 
pi'ctures utilizing colors to determine sequence of connections, 
o ^ li^t children plan and draw but .line Segments on the^aVemint^for outd<y^7T-r 
games. ^ , , - ^ ^ . 

.' Manjgmaterials in the ro^'om such as blocks, 'boxes, and pencil erasers 
present oppbrtunities for illustrating the cppcept of a "face". The vocabulary 
"face" should be used whenever possible rather than the more geiiefal terns such 
-as "side" and "end", That is, instead ^of speaking about the "side" or "end"^ - 
of a box, the word "face" should be used. . • ; 
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line segment 
, plane 
point 
prism 

rectangular prism 

space ' 
sphere 

three -(dimensional 
undefined term 
vertex • 



1 ' _ - ■ 

; 12. SIMPLE CLOSED CURVES 



MCKSROmiD ^ NOTES . . - - 

■ In our cUsJussions of segments, we considered paths '-between two points 
and;-observed that each of the paths .describes a curye. A path 'thus specifies 
a- set of points known »s. a purve from A to B. When A and B coincide*, • 
the 'curve'is- said to, be closed. Thus, ea^i of the diagrams illustrated repre- 
ss ents a curye. The ones- appearing on. the second row are closed curves.- - _ 

•B - / / B 




(f)^ (g) ' • (h) (i) (4) 

Of Che closed curves that we have drawn, the first three are distinguished 
from the last two." Nofie of the. first three curves crosses itself. To describe 
the. fact that the curve does not' cross ■ itself , we say it is s^. ^By sim£le ■ 
closed curve, we" shall mean a set of points in a pl'^n^^epresented by a path 
that^- begins and ends at the same point and does not cross itself.^ . 

Simple closed ^urve3 have the important property of separating the rest 
' orthe plane into two disjoint subsets',- the interior (the subset of the plane 
enclosed by the curve) and the exterior . Thus, with a simply closed curve, 
there -is a natural partitioning of a ,plane into three disjoint subsetsj_ 
(1)^ the set of points that- are ^enclosed by the cufvel ..jt-v, ^ 
t ' (2) the set of points that are on the curve; 

(2_) the set. of points that are neither enclosed by^ the curve^nor 
on 'th^ curve ' ■ 

■ With the separation,, any curveU the plane connecting.a point of the^interior 
with h point of the exterior necessarily intersects, the pimple cJ.osed.>urve . . - 
This is i-llusl^rated by the figure below, where C is the simple closed curveV 
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-.E^is-'an interior po^:|j-'9^2^s an exterior point, and 'A is a plane curve 
^(fiainecting P and Q..> '^.v 



ex^erioiv^ 




Polygoos. 

An important class of simple' closed curves is the class of polygons. How- 
ever, b.efore can pe the definition of a polygon, we must extend our defi- 

I ni^ion^r union of two sets, 

,^ / _^ ..^^^^ 

. • In our discussions of the union, the concept of this^operation was made 
^ • on the^basis of two disjoint sdts , The reason for this restriction is that 
e^ventually we intend to link this concept to the addition of whole numbers. ' 
Actually,, the definition of union does not have this restribt-ion;" 

% 

THE UNION OP. A AND IS THE SEt' WHOSE ELEMENT^ ARE 
^EMBERS 01^ A, OR MEMBERS OP B, OR OF BOTH A AND^ B. 
' That is to say, elements of A 0 B are members of a't least one of the two 

set^ A, B, ' With this definition the concept of *a union is broadened to 
^ encompa:ss joining* sets that have members in common as well' as sets that are 
disjoint. Pof example, if ^ 



th^n 



^Ay B = ['^,0, A. g,0, J). 



J* *' Note that^the cofnmon inembejl^l^* and A are not listed more than once; this is 
^ ' in accord with our previWs agreement on the specification of d set. The pro- 
L:. P^^St^ ^"^"^ have noted before under the restricted operation still hold * 
^ for tl{e broa(3er concept of union. ^ . ^ 

"^^^ -^^^/^^^ segments are sets of points, we can take the union of two line 
'■^'^^^^^^ to form a new set of points. Por example, the union of two segments 
m^^-againbe a segment. In. the picture below, the union of M and BD 



' is. 
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AD. -vln -the picture -below, the union of AB and BC is the curve. AC, yhich 
, i ^ . ■ ■ 




is not a line segment because it is nbt straight. In all of the above examples, 
the union is a. simple curve, but not closed'. Nor is any of the figures below a 
simple closed curve a^^though eaclv4s a union of line segments. . 4 polygon is a 
simple closed curve that .is a union of line segiiiente. Triangles,, 




A 




quadrilaterals, pentagons, and so on, are examples of polygons. Note^that _ 
AD aW contains many other ^segments. For example, AB is contained in AD, 
m is <:ontained in AD, AD is contained in liself, and so on. Likewise, 
with segments of a polygon, segments are contained in segments. If, a segment . 
of a polygon is. contained in no segment other than itseM, then this segment 
is called a side Of the polygon. For' "example, PR is a side of the t^-iang^e 
. shown below. 





* triangle 



quadrilateral 



pentagon 



""hexagon 



. A polygon of three sides is a triangle ; four* sides^^^a quadrilateral; five 
Sides; a pentagop ; six sides, a hexagon ; and so on. endpoints of the 'sides 

are the vertices of the polygon. Observe that e^^ vertex is a common endpoint 
of two sides. Note also that the number of sides is the same-as the number of 
verticfes. 

/. . . • < " . • ' - . . ' 

Rays ' . ' % 

'Another set of poVts which is important in geometiy i^* configuration 
'Which can -be formed-by extending *a line segment in one direction only.' Thie 



> 



£ 



r 



flgure^is called a ra^. A ray is indicated below. 

C 

The ray shown ab6^ is formed by extending ^through £ or AC thro'ugh C. 
The notation for this ray is Al'.or a5. In%^ntrast Vith the notation for ■ ' 
segment ai^ lines, in naming rays, the order of points is sigriificant. A ray 
has one endpoint, and it is named first. The second'.lgtter cafl name any other 
point in the ray. As indicated below, m and ifR are not .^qual sets . There 
are common^points in the two sets. However, point .X is in NR but' is not a 
t)oint in MR. ^ 



5 r 
R 



.. Note that the arrow in- the nomenclature W designates *hich is tfte end ^ 
point of the ray; it is no-t the intention to convey the orientation oV the ray- 
as it appears.- In fact, it would be impossible to orient the arrows in con- 
formity with all possible orientations of the ray. ^ . \ " 
/Ingle ^ 

Another fundamental geometric figure recognized in fliany familiar shapes 
is an angle. The formal definition is: an angle is tte union of two rays ' 
Vfiich have a common endpoint but which are not subsets of the same lijfe. <v ' 

B 

■ A^ C 





I' 



the exampie^hown -is the union of AB and AC\ 



Their common endpoint is said' 
to be the vertex of the angle. ' Recall that vertex also applies to '3-dimensional 
figures and their faces. In each case, it ls'^;e in^iersection of appropriate 
edges. Similarly, here, the .vertex of an angle ij^the.intersection of the two 
s^ts-of pbirits in the rays. The rays are calle/tlJ^ sides of tW angle. ' 
|A>c Our angle is denoted by ZBAC 6r . ZCAB, /Xre the middle letter identl- ' 
fies the vertex. The other two letters name ctie point distinct from'the vertex 



'on eaai afr^he'two sides .f -Often," simpiLy' will >«rl^\?n^in8tead'of ^C'.. ■ 
.'.This notation 6&not!-be lised if more than on6 ang'le is drawn at vertex- A. K 



It would, ^ot be clear' t)y\ Vhich^f ZBAC, ZC3AD, or were meant 

' "? " ° V " >^ . ^, . ^ 

dn the figure above . . L-^ ' 

■ . ' .- • ■ . 

. Regiops , ■ ■ . ' tJ- ■ \ ' 

. ■ Since & polygon is a simple cjTosed curve ,^ it is th^ set of points on the 
cl^e, kese -points s,hottld be distinguished-froiQ the set qf points enclosed 
by\ithe ci«veU7hich we Icali the interior ; ^th^ two sets ;are disjoint. A circle 
is?,plso a simpie closed curve and it also has. an interior. ' 

{ The union of a- sfimple closed curve, and its interior is called a regioji. 
We ifefer'to a triangijlar region, -^t^^a^ region, . polygofcal^ region, or ^ 
' circ'aiar region, €tc.l / irs&ic&ting that the simple tlosed curV^^a triangle, 
re ct.^ngle /polygon, j:ir.cle, ^tc' ^ • . - • 

' to deppte' a pl^Le region in a diagram, the interior of the s^le 
cvcrve'is usually shaded. To denote the interior only, 'the int^or is shaded; < 
- but ihe polygon is 4'rawn in dashed outline as is shown .in the /fi^res) below, 




rectangle 



{rpctangular region 



interior of 
rectangle 




xuiion of interior 
of rectangle and 
part of -i-e ct angle ^ 



Cortgn^t Figures! , ^ . 

- Goni^ruence 4 a very important and complex idea with many ponsequences in 
geometry'. We shjij.^ confine ourselves t6 an ihtuitiVe. approach to the Idea^of ^ 
^ congruen£^ ^ ThaUs, if one geometric conf igu^^ti^n is an exact copy^gf 
- another; we shall say. that th4^ two, figures are -conlruent. ' ^ 

To decide Jhether two segments are congruent," we can make a trancing of 
' • Pile and see whether or not jihe 'tracing fits exactly" op , the, other . If they ^it- 
exactly, the segments are said .^6 be congruent. It is, in this sense,, that 
markings on a.i|!fl.er perfom the function ctf .the movable copies, of segment.!^ ■ 



If 



Tongrueiice may &ls6 4pply to angles. Suppose we Have.' two 'angles ZABC- 
.ana . 4PQR, and we wish|to find out. if they are congWent." We make a tracing 






■of^ZABC; say ZA'B'C . We 'now place the tracing on ZPQR such that ray 
B«C' falls on QR and B' falls^on Q. ^ (This is -shown above at the right.) 
How if B!A' falls on ^, we say'that ZABC is congruent to Zlfc. '' " " 

A special angle that makes frequent appearances in mathematici" is, a right 
ansl£. No formal, definition is given at this time. The drawing bllow repre- 
sentq^o right angles,' ^ and ZWVX. The angles are congruent, and the 
.union of a side of one and a side of the other is a line. ' 



If a piece, of paper*were folded twice,^ the drawing below indicates, 
/.^'".^'^^^^^^ ^^^^ unfolded, the creases suggest segments of two lines whose 

intersection is the point R.. Thus, R is the vertex of fout right angles 
^'^hd^s-sj^s are the extensions of appropriate pairs cmcreases . 





'Fold 2 





'Ml' 





























Unfolded with 
creases dotted 
t 
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\M J4«^.»««^/^ r.^ne^i^iinff'. secrments ana < 




If we are to aetermine whether the triangulaf regions are congruent, 
first we make a' tracing o€ one of the^triangles, say MBC. How Ve ciut along 
the boundary, and place this tracing on in any way that does not distort 

the region! If the trancing fits exactly the sepond re^iqn, we say that two 
regions are congnient and the- boundaries are congruent. , 

To-.stunmarizfe, to decide whether or not two regions are congruent: 
tl)*" We make a tracing of the boundary- of one region. 

(2) We ' try ta match tttis tracing to the other region. ^ 

(3) Ifthe traciiig niatches the second^ region with no 'distortion 
to either, then the. -boundaries knd the regions are congruent. 

The movable copy is needed because t.he geometric figures to be cornered 
, are sets of points, and as such, have fixed location^. Cle^rly,^we cannot • 
continue this matching process • too long. A copy of a spherical i^egion ina_y not 
Ue matched and fitted into another spherical region;' many 3-dimensional figures 
cannot be tested for cpngi^Tence by thiS means. A more refined ^concept of con- 
sruence is not -attempted until t$e children ' study geometry from a more formal 
' * standpoint. • , — * 

- • #the light of congruence, we may restate the requirements of special 

J geometric figures. For examp'ie ,/any t^,o edges of a cube; are congruent seg- 
|¥ ^nts; and any two fa^es of a cube are congruent regions. ' Similarly, we can 



r 



npt^'the congruent sides of a garallelogram and so on. 



.Classification of Quadr"?laterals 
W^hm.. A polygon is a simple closed curve that is a union of line segments 
1^/;. - ^^.--.^ 

m ■■ 



If 



is a union of three line se^.s, it is a triangle; of four line segments, 
a quadfialteral; of^ive" segments,^ ^pentagon; of six segments, a hexagon. 
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Within the categoxy of quadrilaterals, there are special kinds that are" of in- 
terest to us,. For.eiamplfe, rectangle.s are speciaL'kinds of quadrilaterals 
•that are of special interest. "All' the angles* of i recta'ngle ^e' congruent 
.S3uares,-in tuxp, are special kinds ^f rectangles'., AU the si^s of a square 
are congruent. Thus, in the family of quadrilatei^ls . ' ? ■ |- - 



square 



rectangle » , 



jsubfamllies are identified. ^ The rectangles constitute a subfamily of the • ' 
qua-dailaterals, and'the squa^ constitute a subfamily of the rectangles. 
. Another .subfamily of thel^ua^terals are the paralVelo«rams . Th^r opposite 
_sldes are segments of lines which are on the same plane and which..do not inter- 
sect.^ As rectangles also possess this characteristic, rectangles are a sub- 
. family of parallelograms. An6ther vsubfamily of the parallelogram's are the 
' -(singjnarr-lrhombus) . Each side of a rhombus is congruent to each other 

•side. So a square is both a special kind "of a rectangle and a special kind 'of 
a rhombus, ^ ' 





parallelogram 



rhombus 



I ^^^^ ^'i"<3 ?f classification, we get a generic chain that may be depicted 



toy the following diagram 



The term angle of • a polygon" at a particular vertex is a language of 
convenience to mean the angle having that vertex and;.such thaf the 
particular sidefs of- the pplygon belong to the rays of the angle. " • 
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simple closed curves 




rhomb i / / 



squares 



' Classification of Triangles / . 

^We have seen how quadrilaterals may be sorted into subfamilies accoa-^ing 
to their sides and angles. For example, 

a rhombi^ has ea'ch side congnien^to any other side;. ^ 

a rectan^e has each angle pongruent to any other angle; * 

a square has each side corgruent to any other side and each 

" angle congruent to^any other angle;' 
t 

: and' so on. a?here are other kinds of classifications of quadrilaterals i^uch*^ 
-as vhether the^sides all bulge outward or whether Some sides dent inwards 
Hovever, in the elementary ^ades/ classification by congruence of sides *id 
SSji-: ' .^les is the main *i#thod of categorizing quadrilaterals. 

Triangles too mgy be classified according to their sides and angles. 
|f>'-„>^Thej:e are three special kinds' of triangles which shaU be of special interest 
vtp, us. They are the equilateral, the isosceles, and the right triangles. 

An equilateral triangle is a triangle each of whose sides is congruent to 
oft'. 



. ,any of the 



;hers. In.other words, ^n equilateral triangle has three congruent 




Att isosceles - triangle is a triangle with at lea^two,of its sides con- 

Lso 

( 
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gruenb. So* every equilateral triangle is also an isosceles triangle 
^ 6? 





A rightf't^^^le is^ a triangle one of whosi angles is a right awgle . 






right triangle 



isosceles 
triangle' 



equilateral 
triangle. 



*^ A 2*'ighft triangle* may or may not be isosceles; "but it cannpt be equilateral. 



As vith quadrilaterals, there are other classifications for triangles, 

< ' * 

_ Later Jn.the sttiflent's career, for example^ he will be concerned with acute 
^» 

\triangles, obtuse triangles, and scalene triangles, to*mention a few. 

' '''' ' ' * ' 
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Once childrelhare able to identify faces y edges, and vertices (comers) 

Y 



of a three-dimensional object, these primitive elements can be used to^ construct 
^ other geometric figures. For ^ children, the approach to closed figures is en- 
tirely^ intuitive . It is a good idea to display a set of wooden models of the 
basic shapes J^rectanglular prism, cylinder, and sphere) and encourage the 
children to examine and handle them for seversil days . Most pupils seem to be 
^ interested in findxJQg objects ^t home"which qualify as cylinders aqd rectangu- 
- lar boxes I " - • . . ' 

Have th^ children feel the surface. pf the ball with their hands and point 
/i out\that it has a "rounded" sirrface. In contrast, have' them feel a» face of a 
block and^poin^ out that it is a "flat" surface. They can also trace the'edfees 
of a cylinder and feel the '3X)vuidedness of the edge (it ha^ no comers).. 5y 
tracing the edges 'of one face ^ of a rectangular Iplock, they can feel the comers 
and the straight edges. 



Vith these experiences, children can begin to distinguish the relation- 

You can 



^ ships among geometric curves, regions, and 3-dimensional figures 
J^J.,,e?^<^V®liy introduce the idea that the*terms circle, rectangle, and triangle 



refer to the edges of the 3-dimensional figures. When a chjld .looks for one 

the curves, say a rectangle, he is most likely to fj.nd examples such' as* th^ 
bas^of a. block, a cupboard door, the top of 'the table, or a pane of glass in 
^.^ \ the winjlqw or door. Each shovs not only a rectangle but a^sa its interior. 
Again, with each refeion, emphasize that it is the edge that is a rectangle. 
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Once children have the idea of a closed curve ^such as a circle, the con- 
cept of inside (interior), outside (exterior), and on the curve ban be intro- 

ACTIVmES ' \ 

Children should have many opp9rtuniti,es to describe, explore; and manipu- 
late various models of geometric shapes. Whenever 'possible, they should attempt ^ 
"to 'relate figures to subsequent drawings. Many of the Frostig Readiness ma- - ' 
terials for pre-^school may be useful in providing relevant experience with closed 
curves . ^ 
' o - For movement exploration, children can demonstrate closed curves by; 
moving hands in a circular motion or^y walking in Circles, 
o • Circles of children either in g ames or other activities provide opppr- 

tunitie^s to show tha.t the^circle begins at one child and returns to the . 
same child. Show tha€ the point of origin of the circle can ^ift from 
child to child . 

Games .and activities might be planned in which the child Wes-the^ _ , 
'i- ' teacher, fpllows a prescribed path, and returns to the teacher.. Try- • 
r "following the child's' path on the "floor with a flow penpor similar • , 
instrment . ' ■ 

o ' Use paper and pencil exercises such as unfinished drawings \o help ^ •" 

children learn to connect line' segments . • / 

o In Art projects children should have many opportunities to join two or; / 

more line segments. ■ ,^ ' ' ' ' 

o Printmaking^n Art provides additional opportunities for experience ' with- / 
shapes. " , ^ . •. -. ^. 

■ .When involved in the 'study of polygons, frequent Hference to the .cog^f'_ 
can -be made. For example, children can walk along polygonal paths draVft / 
, the pavement: taking special note of the corners as they, come to them. 

Q ^ In Art, have children try to construct shapes with'yarn or^tape'.,'-./; 
- 'o Use various kinds' of form boards '^o allow children' multi-sensory experi- 
ences with various polygons • ' ' 
a .. Make cardboard skapes^a m^tc'h^nSal-d unit blocks . Havj children match 
cardboard shapes to * ' . " ' 



Nested cups in hexagonal forms will give cMidren added experiences withv. 
forms.-. * * ' ^ *• *• " ' * ^ ' ^ ' ' * 

Construct a grid with different shapes iti each square. Allow child to 
move along a path following' the shapes. (Colors may also t6 used as 
guides for determining paths.) ^ " 



A 


'O, 


A 
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A 


O 


A 


O 


A 



As 9 readiness for congru/ence, Jielp children^to identify sameness in any 



v^^l^^s^^oom items such as unit TdS^Ks, same sizes of pre-<^t paper, window 
i^^^t^*^^* A^t^al experience in congruence may be approached by activities 
^ittilar to thos?€ that follow. - / 

'\ ' ' ' ^ 

a Use rhythm sticks to help children understand one -dimensional (Congruences 

o. Use games where children match blocks of a parti ctaar ^ size andi shape with 
cardboard shapes. A variation «f this activity is to fi|ye tracings of ^ 
f^ces of various 3-dijgensional figures ready at the board. For example, 
a face ot a cubical block, and end of a cylinder, etc. The children are 
^^to match the appropriate 3-diiiensional figure. with the different faces 
^ ;drawn. _ / . * * • ■ } 

o Use mimeographed pattek^ne together with sheets of construction paper 

cutouts in different shapes, Th^ appropriate tutout is to be pasted onto 
the ^different outlines . * ^ 

Since interior 0 exte^or are usually* taught in contrast, the activities 
^^"'^^^'^"'^ similar, "At this level, limit the use of ^^interior" and "exterior 
to two-dimensional space. . * . • * 

o Some art projects can bemused to help differentiate between interior and 
exterior. For example , ^ cplor the interior of the circle blue. ' " 

f 
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i^SIJV^i'w games lend ^emselves^o ftither .liifferentiatioix betveen iatert^ 



7- 



W; . ^ — 



'Odt thejfindow, etc 
> A closed curve may formed vith a piece of rope on the lloor; children 
•can toss bean bags inside, outside, on, the circle. (Fev vill be on the 
^ circle*) 



te ■ 

■Sid-' A^' 



lit': 



congruent 

equilateral 
- exterior 

hexagon 

interior 

ispsceles 

parallelogram 
• pentagon-' • 

polygon^ 

quacti'ilateral 

ray 

rectangle 




region 
rhombus 
.right angle 
right triangle 
side of an angle . 
side of a polygon 
simple *^ 
simple closed curve 
square 
triangle 

vertex of an angle 
vertex of a polygon 



'If 



.and exterior, such as Rii^ AroU»d the .Roses, All CiKcle' Gam4, Go^In^and ' '| 
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f 13 • FIGURES ^ m TBREE-imiENSIQNS 



.11 t^t a simple closed curvS separates a plane .into three subsets 



^B'/f . s'^^ ^ P9l»*s w^hlch make up the interior 



bn-tie curve/^and the set of points which make yp the* exterior of the* curve 
^"^^ ' ^ AAaX^btfs to this separation property o£^ sjLmple closed curve in the 



the curve, set of points ' 



^' pXaxie is^the^^eparation property of a 'simple closed surface in three-dimensional 
sp>ce (3P$paae). 'The boundary of a rectangular box jformed by the faces) is an 
example of- a simple closed surface. The surface separates the r:est of 3-space 
into two disjoint subsets, the interior and the exterior,* so t^at any curve in 
space cojinecting a point of the inter;Lor with; a point of theWerior neces- 
sarily intersects the simple closed surface. This is shown in the figure 



^ : -below 




The classropm is another model of a simple closed surface; it separates 
space ^^^so that there is an interior and an exterior wit^ reference to the room. ^ 
A ^urve connecting an interior point to^n exterior point must penetrate the 
wall. \ , ' . 

Intuitively, we' say that two 3 -dimensional figures are congruent if they 





. <l-^ the v 
^^J»;.they are not congruent 



'igures are of the, same shape, but .they are not the sa^e size; so , 



1^ 
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% ;. #pose the ••capacity* of each of these containers one ;quart. 



mi 









^"l 1 1, 

1 








I 
J 













> 











i'' . they are not ihk same! shape; 'hence they are not congruent . ^ - 

' ' The following are of the "same size and, shape, and so a-re, congruent. 

4 




readiness tasks for 3-dimeosional /ig'ures are the same as some^f those 
for other geometric concepts. In fact, manipu^ati^ with three-dimensional 
^ objects is itself a readiness for^'the more abstract ones involving one- or 
. two-dimensional configurations. As mentioned in Unit 11, these are the con- 
crete objects Which provide children, w.ith experiences from whjch they can ab- 
stract the mathemati'cal concepts. ' — _ « 



ACTIVITIES 



/ - ■ 



iFRir 



" The should Ifeam to focus on thre^ dimensions sinniltaneously .• Pro- 

jride many- informal experiences with three-dimensional objects. Block play 
'wijh botU wooden blocks and large wooden blocks provide opportunities for 
■ experimentation with three-dimensipnal space. • ' 

o ' -Children can, gain experience with three-dimensional space by ^Learning to 
return wode'n blocks to proper cubical storage compartments. 
' -Successful manipulation of "Nests Of Slocks" requires that the child focus 

V- on three-dimensions simultaneously. . ^ 

, o ■ Water play- materials shoul'd J^clude containers where the child pours, into 
' '-containers with varying heights, widths, depths, while holding volume 
constant* . . , . ♦ * . ' 



^T'^. A '<i^^ ^ih ^rytog^ntalnefs should provide an «cperien^e similar 
II';; ■ ; *«> that obtainable through w^ter play. ■ » ' 

•■ o , -Shopping! games' cai be played with t^ie store displaying merchahdise 

packaged' in various sizes and shaped: 'cereal boxes, cans, elic. Different 
"it,ms" areloaded into ^shopping bags. Later, children are asked to feel 
• (without looking) into the shopping bag .and guess what .they touched. They 
■ . provide reasons for their guesses: "It is larfee *nd flat; it ha. rounded^ 
^ -edges; etc." . ! 

VOCAHJIARy ' ; 

simple closed surface - * * 



> 
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^ , Ik. THE NUMBER LINE^ 



MCKSROnn) MOTES ,! • _ • ^ " ^ 

>' Congruent sefe^giye us a way of relating numbers with points 'on a 
line* >This is the dase with the number line. Given any two points on a.lin«, , 
a segment is determihed^-^We-can.continue to mark off points, one after another, ^ 
so that each segment is congruent to the first. _ ^ " 



1 St 



2 nd 3 rd 



\ 



The'points may be labelled 0, 1, 2, 3, ^ in the order of the whc^ie 

numberTTAm^h one can assign these labels from rijjht to left, conven- 
tionally we proceed from left to rigl?t. When points are labelled thus, the 
numbers associated with the points are^called the coordinates of the points, 
'and the line together with its coordinates is called the^number line. 



~7r 



V The Number Line 

The number line thus gives us ^ one:to-one. correspohdence between the set. 

^ ■endpoints of congruent segments and the set of vhole numbers. ,That^^ 

each endpointts assoWated-with one and_onl^o«e_«hole-n«mber7-Hna:eacir^ 
' ' is-a^socTSter^h-^i^r^iir^y one endpoint of the congruent segments 
on the. line. This device i. quite us'eful for'us. It enables us ^to visualize 
^;he order of numbers by the position of corresponding points on the line. , 
operations in arithmetic can be -connected- with operations on the number^ lin^e. 

> 

readimeSs - ^' ~ , - --^ ^ ■ ' 

' ^ -'"CAning up unit blocks in rows may be used as^a readiness ta^ifor the • 
number line. Other readiness activities may include, for example, ; specifying 

■sequence of beads on stringing by color or shapes, where order is an under- ^ 
iying"concept. Counting experiences are also very important in connection 
vith this concept. Experiences with the number. line in turfi ex,entually l^ad 

. to concepts of measurements. ^ , 
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, work with:the%u.i..er.l%e this levei^s mosU'jJ incidental" '^ere a^e, 
however, a te^ activities t^at may. be airectly related to the' nu&ber line;' ' ' 



U^-': the fol3»wing are -some suggest ioas 



^ p Give Children pxtctice .in constructing equi^lent line segments by using 
unit blocks. -^ .^ ■ ^'^ . ^ 



- 0. Ifeke a number liye with- the^ne segmerit*^ being the leitft of 'o-inke; Toy 

' '^l^^^f"""^*^^ Tinker Tpy rods to units on the ^^numbernn» 

|:. ; ^ a«d count the n4ber of rods reqkred to match up .to ^esigna^ed units. . 

f;, .. o I^l:it a number Une on the ^v^ent in th^ yard" with num^x^s ' 0 through 
9,. placing points at least a ^fcep apart. Count aloud as a child hops 
or walks the line, , (This-can'be done casually, but routinely.) 

Baste a number lifte ion the table. The child r^«+. « C 

uauxe. me cniia pats a number an appropriate 
nuinber of times, as he comes to it* 



p*'^' VOCABUIARY ' "K 



coprdinates 
number line 




- 

'0:- 



1^' "o 




15. ARITHMprfC OPERATIONS 

. ■^ ■ V . 



I^Mt.^^ The unibh of disjoint sets is the basis for the concept of adding whole- ; ' 



l^^i ;'numbets* If 1 



'and 
therx 



A = (a, b, c, d, e) 

= U, y, 2), ' f 

A U B = {a, b, c, d-, e, x, y, 2). 



- - 



f ^'1 



jJe know thi't N(A) = 5, N(b) = 3 and N(A U B) = 5 + 3, or 8. ' • ' 
. -"^The Jim of ^ihe cardinal numbers/pf two disioint sets is defined as the 
cardittal- dumber of? the union of the two sets. 



- • -We sfity 



-5 + 3 = 8. 



Fivfe and 3 are called addends ; 8 is -tjhe 



sisn. 



Whto ve- start with two disjoint sets and form the union, we'are- operating 
fti... on sets] ^When we start; with two numhers and gef a third', we are. operating on 
iiumbersj. Addition is a' binary operation on the ;cardinal ^hers assdcf^ted 



tVo 'disjoint sets, ^ 



wi call addition^ a'binary operation a^ecause we ope.rate on just two numbers 
Union is an operatioS on sets. Addition is an operation on fiumbers, 



^rop^ies Under Addjition v • ^ 

jaLncejadditior U associat^ed withHhe union 
propfertiesi under thej uni£)n| operation may have ii^ii cations- for the -atldjition 



^^^f4i^io^\tor^ their union), sets and we add numbers 

of sets, we can expect that 
)ii cations- for the -atld 
opeitionJ We observe firfet> that tjie union of two s.ets is a set. THis^ ot f 
fJ-;|^UowsL is' f^^m tHe definition of union. As a whole* nuiriber^may be assigned to 
^'anj^ fin,tte set, corrJsponding to th4 fact that / . ' 

. / ♦ - THE UNION OF TWO SETS IS A SET, ' ' • 

.we have • ♦ * . - . . • . 



■- % 

THE SUM OF 5JK)jWHQLE HUkteS IB A WHOLE 'NUMBER. 
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:.-SbWof thei«^r& statements of closure properties. The first is the closure 
'property of sets under union, and the secoha is the closure property of whole 
.. nttnibers under addition 1 ^ - ' '"^ n • 



•^Another property of sets under union pertai'ns to the order of operation. ' 
• If'-'A and B are sets, the result of joining A to B is the same asjoin- 
ing B-.to A. We summarize this by saying that the Union is a comutative 
operation. For- any sets A and B 

AUB = BUA. , "* 

Corresponding to this, we have the^ comutative pro'perty of whole iiumbers under 
. addition . For any whole numbers a" and b, 

a + b = b + a . - .•■ , 

. . For instance, the sUm 6? 3 and \ (whic* may be-^written 3 + It) and 

.t)iesum of ft and 3 (bitten .ft + 3) both are tHe same number*,' 7. For. ' 

this reason, we 'csn"wri|je ... " ' ^ , _ . ' f 

' . .' " 3 + ft = -ft + 3. . 

Both 3,+ ft and 'ft i-'l name the same number. • * 

Another property of sets under -the' union operation that is significant ^or 
■ the addition operatiqp is orie that "is coniiected with tlie union .of a set with 
the empty set.. We have observed bel^cre that if A is .a set^'then' A U- { ) ='A 
_Slhce the number ^property of the empty set is 0, . if the number property of- A 
is a, then the corresponding statement ^or the abotre observation is: ' ' 

FOR ANY WH^LB NUMBER a « ' * 

a +' 0 = al 

Of course, because of 1}he , commutative property, we also have 0 + a = a. 

• Since additiongof 0 to any number produces that' identical number, '.q 
is called the identity element with respect to addition. No otljer element 
pifys this same role. Th-e property referred to above is known aj the, property 
■of zero under jadditi^ or In short, addltiiin property of zero. 
Subtraction ' , ' ' ' ^ 

; Just as 'the'unioni of two dis^joint sets is the basis for addition, ,so is 
Jtte removal of a subset a basis for subtraction. For exan?)le, if . 

1 ■ = r*o-. A, D,/^,^)- ' - ^ 



b'=*( o„d ); 



ii"^ •■then removing B ".from -A forms a new set j namely, >^ 



( A, -sir, -J). 



* We see that N(a) = 5 and N(]B) = 2, and N( remainder set) =• 3- ^ 

The -difference of the cardinal number of set A and the cardinal number 



. of set^B is the cardinal -ftumber, of the remainder set. Hence, ? 



N(A) - N(b) = N( remainder set) 



-Thfe above definition- depends upon the fact that B' is a subset' of^ A5 
therefore, ''B cannot have mope elements than A. " B can be the empty ^ set • 
•'J'or B "can be id Wal' to A. So if N(A) = a and N(b) = b,_ then b>0 
*"-and a >'b; that is, b has to be l^ss/(han or'equal to a. Tliese limita- 
- • ti5ns fi subtraction are eventually relaxed when the set of numbers that we 
.; have to work with is extended to include more than- just the whole ^lumbers. . 



.Recall that if the remainder set is joined to' the subset which was. 

original set. 1 

A = (a, b, c, d,-e*} 



removed, ^he set obtained is the original set. Thus, if 



-and ■ ^ » " 

B = la, c), * ^ ^ 

.-and if B is "removed from ^, we ge% the remainder set (b, d, e}. Now if 

■ the remainder 'set, (b, d, e), is joined to B, we get the original set A^ 

(a, c) U (b, d, e) = (a, b, c, d, e). 



•In Nummary, 



A removing B = ("b, d, e) 



B 



Ln: 



iion 



{bj, d, e) = A* 



( 



i^^/' Hence we say that "'uniml^and "removing a subset" are'ihv^ 
^7/ ' effect, 



operations ♦ In 

oie operation "undoes" -what is done by the other. 
Corresponding to these properties under set operations, we We similar 
1^; ♦ JprppeHies under addition and subtraction: • 

IF a AND b ARE WHOLfi NUMBERS, AND IP b < a, 
-npj (a - b) + b = a; AND, IF a AND b ARE 
AilY WHOLE numbers/, THEN (a + b) -|b = a. 
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^^^toerk^^^ subtraction and addition are inverse operetions whenever the two • 
^' 9perations are possible 6r defined, . * ' 

Not; that' there are different ways in which suhtractlon'can he. conceived 
--and the particular way conceived often depends on the kind of problem that is 
-posed. One'^ay is to think in terms" of removing a -given set ^rom a starting. 

arriving at the remainder set as explained above. This t^ihe "take . 
•away" kind of procedure that might be characterized by such pro^ems as thi 
- following. . / . ■ ^ 

^ ^ "•^e'-vfSr^-five birdifes in the tree; three .of them f 1^. •. 
away. How many are lep;?" * ' • 

Another kind of problem Quiring subtraption caUs forKomparison of 
number^. This is the "how much more" kind of procedure thTt might be charac- 
terized by such problems as, the following, * * ' 

"Johnny -has 3 marbles and David has 5, How many more 
marbles than Johnny does David have?" . > 

Instead of " starting, with a set of 5 , and removing a subset of 3,- iris 
more natural in this problem to start with two disjojat setsr one consisting 
Of 5 members^ and oi^e pf 3^ members. The questioT\hen turns to finding • 
a third--3et\ disjoint from the other two, and such that the union of this 
vith the Jrmember set would match the'5-member set: ' 



five member set: 
three member set: 



A = { 
. B =A 
c = 
C = { 



1 

if 
I 



□ , 

i, 



3 , 
■A ) 

A 



5 } 



{•a , 

a 



3 , 4 ,.5 



, - A = { 

Then,, the number property of C tells 'how many more ^ is than 

5" 3 = 2. ' • 



3; -that is, 



PropeiHiies under Subtraction 

_ We have WDted the property of subtraction tl 
Werge of ^dfirtion. properties of the whol 

•that we want ta high^ght now involve the empty 
union, ve have ' 

■ " . • A U ( } = A.' ' 



The' corresponding statement ^or numbers is : f oj ^ny -whole number a , 



+ 0 = 
. 80 
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set points to its role as an 
numbers under this operation' 
!etT';Recall that with the 



By- the. above, we observa that . 
" ^ a + 0 = a and a = a - 0 ^ 

say the same tl^^ng. Since a + 0 = 0 + a, we- also have 0 + a = a, which = • 
the same as 0 = a - a.' Hence, in- addition to the inverse properties, 

FOR AlK WHOLE NUMBERS a AMD h, WITH a > h, .(a r !)> + b*^ a^ * • 
FOR AHY WHOLE NUMBERS a ANIT b, (a ^+ b) - b = a, ^ ^ 

have the 'following two properties of zero under subtraction: 

FOR ANY WHOLE NUMBER a, a - 0 = a; . ^ 

\ FOR ANY WHOLE NUMBER a, 'a - a = 0. 

READINESS i ' ' ^ \ 

At, this leveli aside from fording the uniofi of sets, readiness experiences 
^for addition consist essentiaUy of counting activities. ' Joining a set of one 
\o a given set wil! help put acrpss thfe seance from one number to the next 
higher number; repeated joinings wi^l^help ^th determining the results of 
' various ^addftxons. » ^ ^ • ' * . - 

Compariso^ activities provide a -readiness for subtraction. Formal work 
in additi6n and subtraction is not expected for this level. '\ 

0 

ACTIVBPIES ■ ' ■ . , 

Counting Activities may include couAiV two groups of ^children (or blocks, 
.etc.) and^hfin^ounting- their union. IiiltiallyV one of the groups may he a set 
consisting of one Element. This might -he don\, for. example, along with the ' . 
counting,' "1, 2, 3, Plus one more makes \ 

, o' Songs such as "Two Little Bleckhifds", "Five Little Pumpkins^ provide 

- practice. in counting. 
4-. ime of thej comparison activities may occut in-connWction ;^i|h distributi^' 
S»Ials in the classroom along with verbalizati(*_of iihe subtra|:tion process. * 
..''THe fbllowing situations 'may be suggested , » _ , , ■ ' . 

*"I started with three drums; I have given two away.- 'How many are left?" 
At juice time, subtraction exjeriences may be provided: ;'How many more 
children are, there than glasses?" 

As with addition, there are songs ' involving subtraction. For example, 
"feix LitJle Ducks", "<Pen in the pJiily", "Fiv6 Little Speckled Frogs" , ^ 
and **Five Little Chickadees*! . 



o 



- . addend 



closure property , 
of setsi, under union 
of vhole numbers under additidff^ 
conrauta'tive property 

of sets under union ^ 



of vhole numbers under additidn 
difference ' 
identity element , 
inverse operation 



zero 



property of , .under addition 



i. 



v4- 



/ 



7, 



-<>■ 
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;as. rnaiay members as, 22 



between, 5^ 
J;'^S)i^ary'5peration> UU, 77 



can^ 55 

caxajiial number, 35 * 
cardinality, '35 
closure property 
:0f sets under union, 78 
■ of whole numbers- under addition, 
cpnanutative, property 
"of sets under union, h3, 78 ^ 
of vhole numbers under additiw, 
complement, relative, "^5 
"'C dpgruent , 63 



•cdii"tinuous ,-^2 
• coordinate, 75 

corner, 5I 

counting numbers, hi 
- curve, 52 

cylinder, 50,. 55 

difference, 79 
.,di:s joint, kk . 



-t 



■ join,.UU 
joining, hh 

less than, 27 

line, 3h 

line segment, 53 

match, 20 
matching, 22 
..^member, 1 
more than, ^5 . 



number, 33 
• number line, 75 
78 number property, 33; 3^ 

orie-to-one correspondence, 20 

78 order, 26 

ordered set, 3^ ^ 
ordinal number, 30, 34, 

-^^^ ordinality, 36.<^j 



-edge, 
1^^, memento 1 
f^x--.^emiity, 16 - 
^Efnempty set, 1^ 
^t|^-endpo.int.,*5^ 

" eguar ,^ets-,'" 6 
^V^equil"at,eral, 67 

Te^uivalen;t, 20 
l^^'^-exteri^^ 69 



fade, ' 
fewer .lAian,' S5 .'| 
finite,' UO 



f^. •/-greater •than, 27 

^i^^v/'hexagon, 61 

-^idfeiitity element, 78 

^3ifterior/'59, :69 
^^::j4xi^s^, 79 . 
ti^c/^.- isosceles, 67 - • 

^tV ' \ ' 



pairing, 18 . 
parallelogram, 66 ^ 
pentagon^ 6I 
plane, 55 

point, 52 * ^ ' 

polygon, 61 

prism, rectangiaj.ar^. 50, 55 
quadrilateral , 61, 66 



yay, 61 * 
rectangle, 66„- 
rectangular prism, 50, .55 
■ region > 63 
remainder set, ^5- 
rhombus , 66 
-right ai^gle, 6h ^ 
right triangle, 67 

' se^ent, 5 
set,li 
side! 

ot angle, *62 
of polygon, 61 . 
y^imple, 59- - ' . 
J simple (Aosed curve, 59 
1 aimple dlosed sui^ace, 72 
space, 5^ 

^ sphere, 50, 55 f 
• square, 66 ■ 

standard' sets,' 35 • 
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||;/,;^uxidef ined term, 52, 



i£''^-^*^.®r^ensl6ns, figure in, 50 
^IcK'^^apsftive prop^^y, 20, 25 . 

>/ -ot polygon, 61.- - 
^? of prism, 51 ' 

^» iihola^ nunibers,- ^ ^ • ' 

l^^r^tero, property-.of,"»under addition, 78 

S"^ • 

te--:- • • - 
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